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0. PREFACE

Earl D. Rainville began giving lectures on Special Functions at the University of
Michigan in 1946. The course was well received, and his notes became the basis for
his book, Special Functions, published in 1960. Also in 1946, Sylvester J. Pagano
received his B.S. degree in Electrical Engineering at the Missouri School of Mines
and Metallurgy (MSM). That fall, Pagano was appointed Instructor in Mathematics
at MSM. In 1950, Pagano, now Assistant Professor, spent the summer at Michigan,
where he and Rainville presumably met. In the summers of 1962, 1963, and 1964,
Pagano was again at Michigan, this time as a National Science Foundation Science
Faculty Fellow. Rainville passed away in 1966, the same year Pagano was promoted
to Professor at the University of Missouri-Rolla (UMR, MSM under its new name).
In the spring of 1966, I was a sophomore at UMR and was taking Elementary Differ-
ential Equations; the textbook was the third edition or so of Rainville’s Elementary
Differential Equations. This would be a better story if Pagano had been the in-
structor in that class, but he wasn’t. 1 did have a class from Pagano later, when
I was a beginning graduate student; it was Operational Calculus, and we used the
Operational Mathematics book by R.V. Churchill. Churchill was Rainville’s Ph.D.
advisor (Michigan 1939), but I knew nothing of any of these connections at the
time. Pagano was a member of both my M.S. and Ph.D. committees at UMR.

FIGURE 1. Photograph of Earl D. Rainville from the University of
Michigan/


http://um2017.org/faculty-history/faculty/earl-david-rainville
http://um2017.org/faculty-history/faculty/earl-david-rainville
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Syl Pagano was elected honorary captain

of the Miner squad by his team mates at
the end of the season. Pagano played ex-
cellent ball' until he was injured in the
St. Louis game and had to remain on the

Syl Pagano side lines for the last two games.

FIGURE 2. These photographs are of Sylvester J. Pagano as a
college senior in 1946.

Pagano retired in 1986, a year after I had returned to Rolla as a faculty member.
Somehow, in the process of him cleaning out his office, I got his collections of worked
problems from Rainville’s Special Functions, Rainville’s Intermediate Differential
Equations, and Churchill’s Operational Mathematics. The way I remember it is
that I knew these problem solutions existed, and when Pagano retired, I asked him
if I could have them, a request to which he graciously agreed. As to how I knew he
even had this material, I don’t remember for sure. These problem solutions (hand—
written) almost certainly go back to the three summers Pagano spent at Michigan
in the 1960s, and some might even date back to his earlier 1950 visit; Pagano
continued to work on them as he taught the courses himself in the 1960s-1980s.

Beginning in the mid—1990s I began to teach both Operational Calculus and
Special Functions from time to time at UMR. For Operational Calculus, I used
Churchill’s book, and Pagano’s problem solutions were quite useful. I developed
my own notes for Special Functions because it was a summer course designed so our
graduate students who taught in the summer would have something to take, and
some of these students had not yet studied complex variables. The last time I offered
Special Functions was the summer of 2012, and I was able to talk Tom Cuchta,
one of the students in that class, into working on transcribing Pagano’s problem
solutions from Rainville’s Special Functions into electronic form using ETEX. To
my surprise and delight, Cuchta finished the job by the end of 2012! We learned,
however, that Pagano had not provided solutions to all the problems he wrote up
solutions to 196 out of 231 problems in the book. That’s 85%, so is pretty good,
but I decided I would work on finishing the job, and Cuchta agreed to keep adding
to the TEXfile as more problems were completed. As of now (April 2015), there are
less than 10 problems left to finish. The end is in sight.

Sylvester Pagano was a good example of a type of mathematics professor that
seems to be disappearing these days. He didn’t publish any papers, but he was an
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outstanding teacher and he kept building his knowledge of mathematics throughout
his career. When I talk with alumni from our department, and often with engineer-
ing graduates from other departments, the person they most frequently ask about
is Professor Pagano; they fondly remember him as one of the good ones from their
student days. These alums are right—he was one of the good ones, and he should
be remembered. These problem solutions are mostly his, and the rest were inspired
by him. There is a lot of interesting mathematics here. I hope you enjoy it.

Leon M. Hall
Professor Emeritus, Mathematics
Missouri S&T

1. CHAPTER 1 SOLUTIONS
T
Problem 1. Show that the following product converges and find its value:

o

6
H [1+(n+1)(2n+9) '

n=1

Solution 1. (Solution by Leon Hall) By Theorem 3, page 3, this product converges

. 6
absolutely because Z —————— converges absolutely.
— (n+1)(2n+9)
1+ 6 _ (n+1)(2n+9)+6
n+D2n+9)  (m+1)(2n+9)

_ 2n2+1ln+15

Gt

C (n+1D)(2n+9)°

So, if
- 6
Fa :g[1+(k+1)(2k+9)]
C1r k+5)(k+3)
_kl;[l(k:+1)(2k+9)
(79 (2n+5)]4-5--- (n+3)]
223 - (n+D[11-13--- (2n +9)]
_ [7~9][(n+2)-gn+3)]
[2«32[(2n+7)~(2n+9)]
_ 21 (n+2)(n+3)
2 (2n+7)(2n+9)
then

. .21 n?’45n+6 21
lm P,= lim ———————— = —.
n—o0 n—oo 2 4n? + 32n + 63 8
Note: The use of Theorem 3 is not needed because finding the value of the infinite

product is sufficient itself to show convergence.
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ad 1 1
Problem 2. Show that H 1-— 2 =5
n=2

Solution 2. (Solution by Leon Hall)

1 7n2717(n+1)(n71)

Let

=0

|

—=
7N
=

I

Tl -
N——

k=2
S (k+1)(k—1)
[I—
k=2
_[3~4---(n+1)][1-2-3-~-(n—1)]
B (2-3-4---n)2
_(n+1)
T on
lim P, = lim "1
n— o0 n—oo  2n
_1
2

I
—3
7N

—

|
3M‘ —_
N——

Problem 3. Show that H <1 — 1) diverges to 0.
n

n=2

Solution 3. (Solution by Leon Hall)
s (k=1 1-2:3---(k—1) 1
P = = = —
" kl;[z < k > 2:3-4---n n

lim P, = lim l:O
n—oo n—oo N

Since

the product diverges to 0. [The product does not converge to 0 because none of the
terms in the product are 0.]

o0
Problem 4. Investigate the product H(l +22") in |z < 1.
n=0

n

Solution 4. (Solution by Leon Hall) Let P, = H(l + z2k). Then
k=0

P0:1+Z,

Po=(1+2)1+22)(1+2%) =1 +2)(1+ 2%+ 2* +25).
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2(2"—1) ontl_o
Assume P, = (1 + 2) Z (2%)k = Z (22)%. Then
k=0 k=0

P7L+1 = Pn(l + ZQ"'+1)
=P, +:2""P,

=(1+2) [1 422+ L2ntt—2 + L2ntt + L2" 42 T Z2n+272}
ont2_g

—1+2) Y

k=0
So we have shown by induction that

gntl_o
P,=(1+2) 22k,
k=0

1 n
which is a geometric series converging to (z + 1)172, for |z] < 1. |1+ 22| <
-z

o0
1+|2[*" and same process works. Thus, H (1+22") converges absolutely to 1

n=0

- 1
Problem 5. Show that H exp (n) diverges.

n=1

“ 1
Solution 5. (Solution by Leon Hall) Let P, = H exp (> and let
n
k=1

"1
S, =log P, = —.
g ;k

Sy, is the nth partial sum of the harmonic series, which diverges. As in the proof
of Theorem 2, page 3, P,, = exp S,, and

lim P, = lim expS, =exp lim S,.
n—oo n—oo n—oo

Thus, because {Sy,} diverges, so does {P,}.

[ee]
1
Problem 6. Show that H exp <_n> diverges to 0.

n=1

Solution 6. (Solution by Leon Hall) Let

~ 1 "1
1 P,n: n = —_— = — —
og S Z( k;> 2%

k=1

as in Problem 5. Then

P, =expS, =exp (—
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o0

1
B > di t h
ecause k LVerges 1o 0O we have
k=1
lim P, =0
n—oo

and so
[ ()
H exp | ——
n
n=1
diverges to 0.

o 2
Problem 7. Test H (1 — Z) .

2
n
n=1

Solution 7. (Solution by Leon Hall) The product diverges to 0 for any z such
2

that z = +m, m a positive integer. For all z such that 1 — Z—Q # 0, we have by
n

o0 2 o0 2
Theorem 3, page 3, that H <1 — Z2) 18 absolutely convergent because Z (—22)
n n

n=1 n=1

is absolutely convergent. In fact,

n2) 6

n=1

e -1 n+1
Problem 8. Show that H [1 + ()] converges to unity.
n

n=1

Solution 8. (Solution by Leon Hall) Let P, =
k

T [1e2).

—

Case 1: n is even. Then
P _ 1+1 2—-1 3+1 4-—1 n n—1
" 1 2 3 4 n—1 n

n!
Rearranging, we get P, = - = 1 for even n.
n

Case 2: n is odd. Then

e () (50) () (550)- (22 (22) (22 22

In both cases lim P, = 1.
n—oo

) 1
Problem 9. Test for convergence: H (1 — p) for real p # 0.
n

n=2

Solution 9. (Solution by Leon Hall) For p > 1 the series of positive numbers

oo

1 B 1
Z — is known to be convergent (e.g., by the Integral Test). Thus, H 1-—
n=2 nr n=2 nr

is absolutely convergent by Theorem 3.
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1
For0<p<1,1— — > 0 and so convergence and absolute convergence are the
n

o0
1
same. Because the series Z - diverges for 0 < p < 1, our product diverges by
n
n=2
Theorem 3.
For p <0, let p=—q where ¢ > 0. Then
1
1——=1-n?=1+4(—n9).
npb

But lim (—nf) # 0, so in this case our product diverges by Theorem 1.
n—oo

- 1

Summary: H <1 — p) diverges when p <1 (an p # 0), and converges when

n
n=2

p> 1.

sin(2)

Problem 10. Show that H is absolutely convergent for all finite z with

z
n=1 n
the usual convention at z = 0.

Solution 10. (Solution by Leon Hall) Let

SIHZ(H) :1+an(z)
Then _
sin(£
an(z) = Z( )—1

|
M)—‘
|
@\NM+
+ g
a
/N
SN‘,_.
N——
|

oo
M
and because E — converges, the product
n

n=1
TL+an(a)) = 225

converges absolutely and uniformly for all finite z by Theorems 8 and 4.
If z =0 the product is, with the usual convention,

ﬁlzl.
n=1

Problem 11. Show that if ¢ is not a negative integer,

(- 2) )]

is absolutely convergent for all finite z.
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Solution 11. Let

_ _ 1 2 1
=1 n(c—i—n)z 2n(c+n)z +O<n2)'

Thus, for ¢ not a negative integer and for any finite z, there

22 128 1 2% )

i+ =S o=+
n

20n2  3ln3

: (
e . 1 s
2In2 n(c+n) ? 3n3  2In2(c+n) e

1s a constant M such

M
that |a,(2)] < — and so by Theorems 3 and 4 the product converges absolutely and
n

uniformly.

2. CHAPTER 2 SOLUTIONS

A

L T(E) Lo (1
Problem 1. Start with (}) ) - - P nz::l (

2"(22) I'(z) TI'(z+3)
I'(2z)  T(2) T(z+3)

= 2log?2,

and thus derive Legendre’s duplication formula, page 24.
Solution 1. Applying (1) three times and simplifying yields
2a'(2z) I'(z) T'(z+ 3)
I'(2z) [(z) T(z+3)

2 1 1 > 2
=92y = - _
v 2Z+v+z+7+z+% ;(

n

k=1

k=1 k=2
2 -2

fm —
ol T2l e ol

zZ+n n

2n n
2 -2 2 2
I 9 H,, 2 g, S
2z+1+n520[222+k+ 2 +kz_:12z+2k +};2z+2k+1

1
> , prove that

2 > 1 1 > 1 1
2+ _ = +Z —F =
2Z24+4mn n 1 z+n n = z+5+n n

1

2n N n
2 2 9 11 2 1
_ % 2z li _Z li sz
2+ 1 nllréoz<2z+k k)ﬂﬂ&%(wk k>+n5202<2z+1+2k k:)

k=1

9 2n _9 2n+1 9
li 9H,, — 2H,,
2z+1+n520l222+k+222+k+ 2 ]

+ lim (2Ha, — 2H,)

=0+0+2 lim [(Ha, —log2n) — (H, — logn) + log 2n — logn]
n— oo

=2[y — v +1log2]
=2log2. O

Problem 2. Show that I'(3) = — (v + 2log 2)\/.
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Solution 2. By Problem[i], we know that
or(2z) T'(2) TI'(z+3
h 1

T2:)  T(:) T(etl) 2leZ

— |

1
Now let z = 3 to get

and so, algebra yields
I'(3) _T'(1)

= — 2log 2.
I(z) T
ButI'(1) = 1,I"(1) = —v,T(3) = /7, hence
') _ o
=—— —2log?2
ﬁ 1 Og )

and by rearrangement,
1
Fl(i) = —(y+2log2)y/m. O
Problem 3. Use Euler’s integral form I'(z) = / e 't*7ldt to show that
0
T(z+1) = 2T'(2).

Solution 3. From I'(z) = / e '*7ldt, for Z(z) > 0, integration by parts yields
0

u=t* dv=etdt | T(z+1) = / e tEdt
0 oo
du=2t*"1 p=—e7! = [—t*e 7] + z/ et ldt
0
=0+ 2I(2),

where lim —t*e™" converges for Z(z) >0 0.
t—o0

Problem 4. Show that I'(z) = lim n*B(z,n).
n—0o0

Solution 4. From page 28 (1), we know

ree) = i T
but . _T()I(n) TI)n-1)! (n—1)
(2,n) = L(z+n)  (2)aI'(2) (2)n
Hence

I'(z) = lim n*B(z,n). O

n—roo
Problem 5. Derive the following properties of the beta function:

(a) pB(p,q+1) =qB(p+1,q);

(b) B(p,q) = B(p+1,q) + B(p,q +1);
(c) (p+q)Bp,q+1)=qB(p,q);

(d) B(p,q)B(p+q,r) = B(q,7)B(q+1,p).
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I'p)le)
Llp+q)’

Solution 5. (a) We know B(p,q) =

pB(p,q+1) = pg((;)féqjll)) = Fr(?pill)qu) =qB(p+1,q).

(note: p — q and ¢ — p — is this the symmetric property?)

(b)

(c)

(d)

B(p,q)B(p+q,n) =

11
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n!
(p)n+1 ’

Problem 6. Show that for positive integral n, B(p,n+ 1) =

Solution 6. For integer n and using Theorem 9 (pg. 23),
F(p)I'(n+1)

I'p+n+1)
I'(p)l'(n+1)

(p+1),L(p+1)
L'(p)n!

(p+ })on(p)

B(p,n+1) =

“ D,
- (p)n+1. -

1
Problem 7. Evaluate / (1+2)P 11 —2) tda.

-1
! 1 1 1+

Solution 7. Let A = / (1+2)P7 (1 —2)? "dx. Now lety = —5 = 2y —
—1

1,1—x=2-2y=2(1—y). Hence

1
A = / 2P~ LyP=19a=1(1 — )77 12dy
0 1
= 2p+q71/ ypfl(l _ y)qfldy
0
=20t-1B(p q). O
Problem 8. Show that for 0 < k <n,
(=D*()n

(@n— = (1—a—n)
Note particularly the special case oo = 1.
Solution 8. Consider (a)n—y for 0 <k <n. Then
(@t =ala+1)...(a+n—k—-1)
_afla+l). . (at+tn—k-Dla+n—Fk)la+tn—k+1)...(a+n—1)]
N (a+n—1)(a+n—-2)...(a+n—k)
(@)n

(a+n—k)
@

(-1 —a—n)
_ (=DM

C(I—a—n)

Note for « =1, that (n — k)! =
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Problem 9. Show that if a is not an integer,
'l—a-n) (=1)"
'l—a)  (a),
Solution 9. Consider for a not equal to an integer

'l-—a-n) T'(l-a-n)

I'l-a) —al'(—a)
_ I'l—a-—n)
) (—a)(—a— 1)1“%?104_—@1)_ »
B (—a)l(—a—1)...(—a—n+1)F(1—a—n)
~ D@
as desired. [
In the following problems, the function P(x) :=z — |z] — %

x
Problem 10. Evaluate/ P(y)dy.
0

€T

1
Solution 10. To evaluate / P(y)dy when P(y) =y — |y| — 3 Let m be an
0

integer so that m > 0. If m <z <m+ 1, then || =m and

/OwP(y)dy —/;P(y)dy

_1 1y’
2|\
1] 1\ /1)’
=—|{e—m—-=] — (=
2 2 2
1], 1
=3 |P@ - 4}
1_ 1
=-P(z)—-. O
7@ = §
Problem 11. Use integration by parts and the result of the above exercise to show
that
/Oo P(z)dx < 1
w 14z |~ 81+n)
. ) > P(x) ) ,
Solution 11. Consider g dx and use integration by parts
" x
17 1
oo P3(z) — = oo P?(z) — =
P(x) 1 4 1 4
=P =(1 -1 dr = - = dx.
dv (z)dx u=(1+z) /n T+ s T2 2/n e x
1 n
v = ipz(z) — = |ldu=—(1+z)%dx



14 SOLUTIONS BY SYLVESTER J. PAGANO AND LEON HALL; EDITED BY TOM CUCHTA

1 1 1
Now max{Pz(m)—4‘}:4ansz(n):4implies
z 4
de=0—-0+ = 7d
[, T mom0es [ Tt
and
1
/ P(x)d:r §1/ #dz:f1 L
n 1+ 2/, (Q+x)? 8|l1+x],
or

/P(”Ja)dgcg1 LI S
n 142z 8|11+n

d
Problem 12. With the aid of the above problem, prove the convergence of/ z)dz
0

+z

Solution 12. / (z) dx converges «— lim (2) dx = 0 but from Ezer-
o l+uw n—oo [ 14z
cise[IT]

* p
lim / N I T S
n—oo | J,, 1+ N—>008(1+n)
(o]
P
Hence/ (z) dr < 00.

Problem 13. Show that

* P(z)dr "t P y—fdy
/0 1+ *Z/n 1+x Z/ T+n+y’

n=0

Then prove that
Yy —3)d 1
lim n2/ 7@ 2) Yo =
n—oco o 1+n+y 12
* P(x)

and thus conclude that/ s convergent.
0

Solution 13. (Solution by Leon Hall) Because P(x) is periodic with period 1, it is
clear that

< P), S [ PW)
dr = d
/0 1+z nz;)/" 142 .
Let t =n+vy. Then
n+1 1
P P
/ (@), (n+y),
" 1+ o I+n+y

1
P
:/ (v) dy
0, 1+n+y

_5
= —= dy.
/o 1+n+yy
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This establishes the first set of equalities.
1 1 1
Yy—s35 / 3 1
—=—dy = 1—-(n+=-)—|d
/oy+n+1y 0 [ ( 2) y+n+1]"?

= [y— (n—i—i)log(y—kn—kl)]

0

15

3 n—+2
=1- =1
nty ) s
3 1
=1- =1 14—
n—+ 5 og ( + ot 1>
1 L 3 1 1 . 1 1 n
=1-(n+- — —
2)\n+1 2(n+1)2 " 3(n+1)3 4n+1)*
To determine the convergence of Z/ gdy we compare with the known
y+n+1

convergent series E — using the limit comparison test.

/1 (y—3) a
o Y+n+1 .
_— =n?—-n?{n+

n2

n?—n?{n+ L ! + ! +0 !
B n+1 2(n+1)2  3(n+1)3 n+1
6n?(n+1)> —n?(n+ 2)[6(n + 1) — 3(n+1) + 2| 1
= +0
6(n+1)3 n+1

B 6n° 4+ 18n* + 18n3 + 612

— [6n° + 18n* + 3In3 + 15n?]

6(n+1)3
:i_FO L
6(n+1)3 n+1)"

Thus,
1 1
—3 1
lim n2/ Mdyz -,
n—00 o Yy+n+1 12
and
— = 0 P
Z/ y / (ac) de
y+n+1 0o 1+=z
converges.

Problem 14. Apply Theorem 11, page 27, to the function f(x) =
n — oo and thus conclude that
—/ y 2 P(y)dy.
1

1

1+

N~

’7:

Solution 14. (Solution by Leon Hall) Let f(z) =
gives with p=10,q = n,

n

1
257

(1+4z)”

1
+O<n+1)

L Jet

Theorem 11, page 27

no 1 1/ 1 n
/0 1+xdm+2+2(1+n)+/0 f(x)By(x)dz
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So,
i: Clog(14n) —s4i( 1t + x)d
— & 2 2\1+n (1 +x)2
1 1/ 1 el Bl(y+1)
11 ”*131)
=42 4
2+2< n) Y

and the elementary result

Problem 15. Use the relation T'(2)T(

H
|
w

)
I

sinxsiny = §[cos(ac —y) — cos(z + y)]

to prove that
Fe)r1—c)l'(c—a—bT(a+b+1—¢c) T2—-c)l(c—1DI'(c—a—bT(a+b+1—c) -

Ic—a)l(a+1—c)T(c—bI(b+1—c) I'a)T'(1 —a)I'(b)I(1 —b)
Solution 15. Note that

l—(c—a—-b)=a+b+1—c¢,

l—(c—a)=a+1-c¢
and
1—(e=b)=b=1-c¢

so we can use the gamma function relation four times to get

Tlc—a)l(a+1—el(c—bT(b+1—¢) w2sin(re)sina(c—a —b)
sin(me) sinw(c —a — b) — sinm(c — a) sinm(c — b)

sin(me) sinw(c — a — b)

1 Pl —-c)l(c—a—b)T(a+b+1—¢) 1 n2sinm(c — a)sinm(c — b)

Now using the given trig identity, we get, continuing the equality:

lcosm(a + b) — cosm(2c —a — b)] — [cos (b — a) — cosw(2c — a — b)]

- Fosn(a + ) —covr2e o )
—1[cos (b — a) — cosm(a + b)]
£ [cos 7T(a + b).— cosm(2¢c —a — b)]
— sin(ma) sin(7b)

sin(mc)sinm(c —a—b
Osin(ma) sin(7b

—sinm(c—1)sinm(c—a—b)
Canceling minus signs and multiplying and dividing by w2 yields

_Tle-1DI2—-cl(c—a—-bT(a+b+1—c)
- T(@)T(1 — a) L)1 —b)

as desired.
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3. CHAPTER 3 SOLUTIONS
E]
Problem 1. With the assumptionoi of Watson’s lemma, show, with the aid of the
convergence of the series F(t) = Zan exp; (I: - 1) in |t| < a+9, that for 0 <

k=1
t < a, there exists a positive constant c; such that

= k 1
F(t)—Za;cexp75 (r_l) < ¢1 expy (n—:—l>.
k=1

Solution 1. We wish to show that there exists ¢; such that for 0 < t < a (see
problem (2) fort > a),

n
F(t) =Y apt™ Y < et -
k=1
o0
under the condition of Watson’s lemma. By the convergence of Z ant* 1 = E(t)
n=1

in |t| < a we write

F(t) =Y aptr™!
k=1

oo
k_
> it

k=n+1
oo
= tnTH_l Z akt%
k=n-+1
oo
gt#’l Z akakfll
k=n-+1
< Cltni—lil,
oo
where ¢; > Z akam . Remember from Watson’s lemma
k=n-+1

F(t)=Y ant""
k=1

for |t| <a+ 6 where § >0. O

Problem 2. With the assumptions of Watson’s lemma, page 41, show that for
t > a, there exist positive constants co and [ such that

~ k n+1
F(t) - -1 — —1) €t
(t) ;akexpt (r ) <czexpt( " )e

Solution 2. Under the assumption of Watson’s lemma we wish to show that for
t > a, there exist constants co, 8 such that

F(t) = aptr™!
k=1

< 026[%75”1rl -1
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Now for t > 0, we have given |F(t)| < kebt. Hence

Ft) = aptr™?
k=1

< ket 4+ -

n

k—m—1
E akt T
k=1
n

k_
E aptr ! ,
k=1

= kel +

butk—n—1<0 andt > a, so

n n
F(t) — Zaktéfl < kel 4t Zaka¢
k=1 k=1
o0
but Zakav&' converges. Hence, since t > a, there exist constants My, My such
k=1
that

ntl_q

n
n a T n
F(t)—Zakt’i—l‘ <M (T) T M
k=1

n+1 n+41
< Myebt 5 71 4 Mot —1ebt

n+1
<1 0O

Problem 3. Derive the asymptotic expansion (6) immediately preceding these ex-
ercises by applying Watson’s lemma to the function

0 te—t
"(x) = — ——dt
/() /O .

and then integrating the resultant expansion term by term.

—t
Solution 3. Consider Watson’s lemma with F(t) = T Hence
t oo oo
Ft)= —— = (=)t =N pym?nho<t < 1.
0=17m =20 DREIGIETS
1 1 1 t 1
Chooserzi, a= g, 5=§. Also fort >0, et > 1 andm< 3
Hence
1
PO <1-ef5t> 2,
satisfying condition (2) of Watson’s Lemma, and
F(t)=Y (-1t
n=1
1 1 5
f<-4===2.
foritl<3+35=5% )
o _t —x
Hence by Watson’s lemma for f'(x) = / 1_T_itht we have
0

= (=1)"(2n — 1)!
Z( )" ( ).

l‘2"
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Then
/f dSNZ/ 2”*1)ds.

After integrating, this becomes
"(2n — 2)!
O A O
n=1

Now

d [ et o et
— ——dt = ——dt = f'(x).
dz Jo 1412 /0 141¢2 f(@)

Let “A” label the integral in the middle of the last formula. Hence

oo efzrzt
f(z) :/O mdt,

19

which we label as “B”. Also note that integrals “A” and “B” are uniformly conver-

gent. Hence

oo effvt
lim f(z)= / lim ——dt =0.
0

R Jm T
Therefore

:o f'(s)ds = f(s) j: 0— f(z)
By (%),

0— f(z) ~ i ( DZ;%Z 2! 2] = 00, B(z) > 0
So :
fl@) = /O h 16:6; dt
~ iw’ |z| — oo, Z(x) > 0.

Problem 4. Establish (6), page 43, directly, first showing that

el i
| 0 1+1¢2

k=0

and thus obtain not only (6) but also a bound on the error made in computing with

the series involved.
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oo

1
Solution 4. (Solution by Leon Hall) Because = 2:(—1)’%2]€ we have
1+
1 - ky2k .- ky2k
I NEILIR SR
k=0 k=n+1
_ Z t2k 1)n+1t2n+2 Z(_l)kt%
0

t2n+2
1+ 2

So
e8] e—mt d
= —dt
f(@) /0 1+1¢2
—ztt2n+2

:/0 e_th(—l)kt%dt-i-(—l)"H/o elvdt
k=0
—mtt2n+2

n L o L e} e
_ c —xty 2k n+1
=> (-1) /0 e "2k at 4 (—1) /0 Tz
k=0
Integration by parts give the reduction formula (for x as specified)

e 2k(2k — 1 e
/ e—zttdet _ k( k ) / e_zttQk_2dt.
0 0

2

e 1
This, plus the fact that / e~ tdt = =, yields
0 X

B n . (2]’6’)' it 00 efmtt2n+2

k=0
Then
n [e'S) efztt2n+2
| Z% w%“ - /o L+ 2 dt’
</ |€7It|t2n+2dt
OOO
< e—Re(m)tt2n+2dt
0
_ (2n+2)!
 [Re(a)]Pts
) ™ _ N
In the region |arg x| < 5~ A, A > 0, if Re(x) > N, then |x| > A and as
|z| — oo
(2n +2)! —2n—2
[Re(z)]2+3 =0 (|| )
and so
= (2k)!
f(z) ~ Z(—l)kw
n=0

as |x| — oo in the sector |arg x| < g —AJA> 0.
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Problem 5. Use integration by parts to establish that for real x — oo,
[o'e) oo
/ et tdt ~ e Z(—l)"n!x_”_l.
z n=0
00—t

Solution 5. Consider f(x) = / ert as x — oo. Using integration by parts,

x

1 R oo
u= 7 dv=etdt | f(x) = [—te_t — / t~2etdt
T T
1 1 1 o ~ 1
=—= = et =—e "4 | et 2 —e tdt
U 1t2 v e xe ;Lie i +1 /0 o536 .,
U= dv =e~tdt =e |- | — |25t —2. 3/ —etdt
2 xz a2 t3 . .t
1
du=-2— v=—et
t3

This pattern can clearly continue forever, so we can write

—x . (_1)kk' n * —(n _
F@)= ey o + (U e 1 [ e,
k=0 x
Now since 0 < x < t,
n
. (—1)*k! L [ et
e’ f(x) — s =(n+1)le Wdt
k=0 ®
- 1! e
(n n+2) e”/ e tdt
x
(n+1)! ¢
Z‘n+2
Hence
N "L (—1)kk! 1 1
e fla) = o =9\ ) =9\ )
k=0
s0
o~ (=1)"n!
1o~ 3
k=0
or
oo
o —1)"n!
/;,; t~le tdt ~ e z% % as x — 0o.
Problem 6. Let the Hermite polynomials H,(x) be defined by
= H,(z)t"
2\ n

for all x and t, as in Chapter 11. Also let the complementary error function erfc x

be defined by

erfcx=1—erf x =

/ " exp(—62)d8.

i
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Apply Watson’s lemma to the function F(t) = exp(2xt — t2); obtain

1 ? > 2 — —n—1
exp <x — 25) [ exp(—p<)dp ~ nz::OHn(x)s , S8 — 00,

55—1

and thus arrive at the result
1 2 L
ft 1fexpl( t1z>1erfc< ) ZH 2t — 0t

Solution 6. Because exp,(n — 1) ="~ and z'f

F(t) = exp(2xt — t?) =

we can write

Py =3 El) o - 1)

—~ (n—1)!
so the first condition in Watson’s Lemma is satisfied for any fized x with r = 1,
a=1, and any 6 > 0. Also,

F(t) = exp(2at — %) = et 20t < et

fort > 0, so the second condition in Watson’s Lemma is satisfied with k = 2 (or
anything > 1) and b = 2x. Thus, we get

< H,_1(z)I'(n)
TRt~y I
/0 c ®) (n—1)lsm
n=1
as s — 00, or

/Oooexp{ t2+2(x—s> ]dtNZH s~

as s — oo. Completing the square in the exponent leads to
L /oo t+1 2 dt f:H()*”*1
exp | — =s exp | — —-s—x ~ T)s
P 2 . p 9 p n

1
ass—>oo,andifweletﬁ=t+§s—a:weget
exp x—lsz /00 dBNZH st
2 1

PR
. " . T 1
Using the definition of erfc, and then making the substitution t = — (not the
s

as s — 00.

inverse Laplace transform) we get

o[ (+= ) o (o) - St

as s — oo or

ast — 01 as desired.
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Problem 7. Use integration by parts to show that if Z(«) > 0, and if x is real,

0o e n
—ty—a l-a,_—z (—1) (Ol)n
e ‘%t ~x7 " %e g ———— T — 0,
/z Lt

of which Problem[3 is the special case v = 1.

Solution 7. Integration by parts with u =t=% and dv = e~tdt yields
oo oo
/ ettt = e T — a/ ettt gy,
x x

The same integration by parts with a replaced by o+ 1 applied to the last integral
gives

o0 o 00
/ e—tt_adt = €_I{I;_O‘ |:1 _ 7:| + OC(O[ + 1) / e_tt_(a+2)dt.

Continuing, after n + 1 integrations by parts, we have

oo

> —ty—a _  —x_—a+l - (_1)k(a)k _1\n+1 —ty—(a+n+1)
et vt =e "z Z T (=1)" " (@)n+1 e 't dt
z k=0

x

or
o) n k )
- - —1*(@)k - .
e’z 1/ e ftdt — ED @ =2 N (=1D)"(a)pi1 ety (atntl) gg
T k;o mk+1 ! z
Thus, we have the desired asymptotic series if the right side of the last equation is

1
O (n + 1> as x — 0o. This is true because
T

oo

et (1) (@i |

T

ett(a+n+1)dt’

IN

x a—1 o]
e"r (a)n+1 / e—tdt‘
T

anrnJrl

e’ (a)n+1 —x
$n+2 €

_ (@)n|
- xn+2

1
=0 ()

4. CHAPTER 4 REsuLTs CITED

A

as r — 00.

By definition,

= (@)n(0)n
F jel) = .
Theorem 1. If Z(c —a —b) > 0 and if c is neither zero nor a negative integer,
L(c)T'(c—a—10)
I'(c—a)T(c—b)

n=0

F(a,b;c;1) =
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pg.66, (2):
a a+1 b 1.
5 9 a,a — +5,
(1+2)7°F 4z =F x2
(1+42)?
14a—b bt 3
Theorem 2. If |z| < 1 and llz‘ <1,
-z
a. b: a,c—b;
s Uy —
F =(1—-2)"%F

. z (1-2) T,
c ¢

Theorem 3. If |z| < 1,
Fa,b;c;2) + (1 —2)" " PF(c —a,c— bc; 2).

1
Theorem 4. If 2b is neither zero nor a negative integer and if |y| < = and

2
Y
— <1,
1-y
a a+1
27 2 ’ 2 avbv
(1—-y) “F (13 )2 =F 2y
Yy 20:
b+ =;

Theorem 5. KfaerJr% is neither zero nor a negative integer, and if || < 1 and
[4z(1 —z)| <1,
a,b;
F 4da(1 —x)

1
b+ =
a+ —1-2

Theorem 6. If ¢ is neither zero nor a negative integer, and if both |x| < 1 and
[4z(1 — z)| < 1,

c—a c—|—a—1.

a,1 —a; 5 T g9
_ c—1
c ¢
5. CHAPTER 4 SOLUTIONS
]
Problem 1. Show that
a, b; a+ 1,0+ 1;
iF x | = CL—bF T
dx c

c c+1;
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Solution 1. From

F(a,b;e;1) =

we get
d o0
e (a,b;c;x) 7;

b &
;Z

SPECIAL FUNCTIONS” (1960)

oo

3 @ell

= (c) nn' ’

(a)n(b)nxnil

(¢)n(c—1)!
( )n+1(b)n+1zn

( )n+1n'
(a+1)p(b+1)a™
(c+1),n!

b
:a—F(a—i—l,b—i—l;c—I—l;x).
c

Problem 2. Show that

2a, 2b; T 1 1
B T(a+b+-)T(=
n B 2 2
1 2 r(Lei I L, ]
—c+ -a —c— -a+ =
a+b+§, ] 27 2 2 2 2
r 2a, 2b;
1
Solution 2. Wish to evaluate F b} From Theorem
1
b .
| ato+ %
2a, 2b; a, b;
1 1
b+ = b+ =
a+ +2 a—+ +2

1
for|z] <1, |4z(1—2)| < 1. Weneed to usex = =

0. Hence, by Theorem/[d]

2a, 2b;

eS|
N —
Il
=

1

bt =

a+b+ 5
Problem 3. Show that

a,1—a;

a,b;

1
b+ =
a+ +2

sl )
e

21T (¢)T (;)

DN | =

2

1

1 c—a+1
N esnes

1
, but note that%(a+b+§—a—b) >

25
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c—1 c+a-1
a,1l—a; ,
Solution 3. Consider F z | =(-2)'F 2 2
G

By Theorem @, for |z| < 1, [4z(1 —z)| < 1,

4x(1 — z)
¢

c—a c—i—a—l'

a,1 —a; 5 5 ;
_ -1
F z | =(1-2)"F 4z(1 — )
c ¢
. c a ¢ a 1
Since Z | ¢ — 3 + 57573 + 3 > 0, we may use Theorem |1 to conclude that
a,1—a; L c—1 ct+a—-1
1 e Ty T 5
7 1| _ <) |l 2 2 X
2 2
c; G

as desired.

Problem 4. Obtain the result
—-n, b7

F 1| =
¢ (©)n

Solution 4. Consider F(—n,b;c;1). At once, if Z(c —b) > 0,
Te)(c=b+mn) (c—b)y
F(—n,b;c;1) = =
(=n,b;¢1) T(c+n)T(c—b) (S)n

Actually the condition Z(c — b) > 0 is not necessary because of the termination of
the series involved.

Problem 5. Obtain the result

Al EDtra—a
¢ B (©)n
Solution 5.
P —natn; 1= I'(c)T'(c—a)
o  T(e+n)(c—a—n)

By FEzercise 9, Chapter 2, if (¢ — a) is nonintegral,
'l—a-n) (=1)"
I'l—a)  (a),

Hence,

—n,a+ n; (—1)”(1—c+a)n

o T @
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as desired.

Problem 6. Show that

—nl —b—n; (@+b—1)am
F 1| =—F—7—7——.
a (a)n(a+b—1),
Solution 6.
P —m1-b-m; Ll L@l(a—1+b+2n)  (a—14Db)2m

Fla+n)l(a—14+b+n) (a)(a—1+Db),

a;

Of course a # nonpositive integer, as usual.

Problem 7. Prove that if g, = F(—n,a;1+a—mn;1) and « is not an integer, then

gn =0 forn>1,g9=1.
Solution 7. Let g, = F(—n,a;1 4+ a —n;1). Then

Therefore, go = 1 and g, =0 for n > 1. (Note: easiest to choose a
actually do better than that probably.)

Problem 8. Show that
dn

dx™

d
Solution 8. Consider D" [z 1*"F(a,b;c;z)] (D = %) We have

& b)kl,n+k+a71
Dn a71+nF b . — Dn (a)k(
b (o) =Dt )

(@)kn+k+a—-1)(n+k+a—2)

— [2*7 " F(a,b;¢;2)] = (a),2* ' F(a+ n,b;c;z).

= integer, can

oo (b + a)xPtima(b)y,

o

(c)kk!

b
Il

0
(@)r(@)nre" T 1 (b)g
(c)k(a)kk!
(a+ k)p(a)pz®ra=1(b),
—0 k!(c)k
= (a)pz* 1F(a +n,bc;x).

o

>
Il
<]

M
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Problem 9. Use equation (2), page 66, with z = —x,b = —n, in which n is a
non-negative integer, to conclude that

1 1 Jr1
—a,-a+ =;
—n, a; 2772 2’
F —z | =(1—-2)F —4z
14+a-+n; (1-2)?
14+ a+mn;
Solution 9. From (2) on page (66) we get
a atl
27 27 .
(1+2)7°F —4z = F a, b; z
(1+2)2 1+a-b
1+a—b
Use z = —x, b= —n to arrive at
aa+1
2" 2 a, =n;
(1—2)F e . |,
(1—-2)? 1+a+mn;
14+ a+n;

as desired.

1
Problem 10. In Theorem 23, page 65, put b =y, a = v+ 37 dr(14+2)72 =z and
thus prove that

1
VYt 5 2 2v-1
F 2 (1-2) {]
z 1+v1—=2
2y
Solution 10. Theorem [ gives us
a,b; a,a—b+ 1;
14 a)"2F Ly e
(1+2) (I+ap |~ !
. b .
ab, + 27
1
Put b=+, azv—I—i and
4x
—_— = z.
(1+2)?

Then
z2? +2(z—2)x+2=0

20 =2—-3+£V22-424+4-32=2—24+2V1— 2.

Now x =0 when z =0, so
zx=2—2z—-2yl—z=1—24+1-2Vy1—2

or

(1—+/1-2)? (1—\/1—2[1—(1—2)].

xr = =
z 2(1+ 1 -2)




SOLUTIONS TO RAINVILLE’S “SPECIAL FUNCTIONS” (1960)
Thus
1-V1-z
R I
and
14+z= #
1+vV1-2

Then we obtain

4 4(1—\/1—2)-(1—1—\/1—2)2:

= Z’
(1+z)?  14+VI-z 4
1
a check. Now withb=~vy,a=~v+ 3 TheoremEyields
1 ] _|_11.
2 B - i Ty
_ _ -
(14‘@) z )
27; | TS
2
L
=1Fp z?
=(1-2%)7!
21—z 2
Sincel —xr = ———— and 1+ 2 = ——————,
1+V1-2 1+v1-2
(1—a?)= V172
(14+vV1—2)?2
Thus we have
1
p| 7Y (2 N2 T
5 2 \1+Vi-z 1+V1-2
i

S (e =

as defined. Now we use Theorem[J to see that

1 1
VY + 59 VYT 5
F 2, |=0-2iF 2
2v; 27;
so that we also get
L 2y—1
P VY 9’ _ 2 Y
) z 1+vV1I-2 ’
s

as desired.

29
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Problem 11. Use Theorem|[d to show that
1 1 1 1 1
a,1—a; 2¢ %t TR0ty
(1—z)'°F x| = (1-2z)%°F dr(z —1
c; (1 — 2$>2

Solution 11. By Theorem[6,

rc—a c+a—1
mioe ;T
1—c _
(I—z)~°F x =F dx(1 —x)
a; I e
rc—a c+a—1_
_ 2’ 2 '
=F 1— (1 —2x)?
L (&
c—a c—a—i—l'
2(17C 2 ’ 2 ’ )
=(-20) 2 F “1+0-22)7
(1—-2x)?
(&
c—a c—a—l—l.
2’ 2 k
= (1 —2z)*°F dr(z—1)
(1 - 21)2

which we wished to obtain.
Problem 12. In the differential equation (3), page 54, for
w = F(a,b;c; z)
introduce a new dependent variable u by w = (1 — z)~%u, thus obtaining
2z(1—2)%u" + (1 = 2)[c+ (a —b—1)zJu' + a(c — b)u = 0.
Next change the independent variable to x by putting r = % Show that the

equation for u in terms of x is

d*u du
1—2)— - - Dz|— — - =
z(1—x) 72 +le—(a+c—b+1)x] T alc—b)u =0,
and thus derive the solution
a,c—b;
—z
=(1—-2)"°F
w = ( 2) T
o

Solution 12. We know that w = F(a,b;c; z) is a solution of the equation
Mz(1 —2)w" +[c—(a+b+1)z]w" — abw = 0.
In (1) put w= (1 —2)"%u. Then
w = (1-2)7% +a(l—2)"""tu,

w’ = (1—2)"%" 4+2a(1 —2)"* " +ala+1)(1 - 2)" 2.
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Hence the new equation is

2(1—2)u"+2az2u/ +ala+1)z(1—2) " utcu' +ca(1—2) " tu—(a+b+1) 20’ —a(a+b+1)2(1—2) " tu—abu = 0,
or

2(1=2)u" +[e—(b—a+1)2]u' +(1—2) " (a®+a)z+ca—(a* +ab+a)z—ab(1—2)]u = 0,

or

(2)2(1 — 2)*u" + (1 — 2)[c+ (@ — b — 1)2]u/ + a(c — b)u = 0.

- - 1
Now put x = 17'2 Then z = 1796,1 —r= and we use equation (12)

on page 12 of IDE for the change of variable. First, dz = -t =—(1—-ux)%
dz (1-—2)?
dg—x S —2(1 — x)3. The old equation (2) above may be written
dz2  (1-2)3
d’u [ c +a—b—1]du+a(c—b)uzo
dz? 2(1 - 2) 1—2z | dt 2(1—2)2 ’

which then leads to the new equation

2

(1—x)4d—“+ {—2(1 —z)}—(1-1)? {M +(a—b—1)(1- x)H du wu =0,

dx? —x dz T
or
d? d
z(1— x)d—;; + -2z —{-c(l—2)+ (a—b— 1)z} ﬁ —a(c—bu=0,
or
d*u du
1—2)— —(a— Da]— — a(c — b)u = 0.
(3)z(1 —x) T2 +z—(a—b+c+1)z] T alc—=bu=0
Now (3) is a hypergeometric equation with parameters v = ¢, a + beta + 1 =

a—b+c+1,af =a(c—0b). Hence « = a,B =c— b,y = c. One solution of (3) is
u= F(a,c—b;c;x),

so one solution of equation (1) is

Problem 13. Use the result of Ezercise 12 and the method of Section 40 to prove
Theorem [2.

z
Solution 13. We know that in the region in common to |z| < 1 and ’1‘ <1,
—z
there is a relation

a,c—b;
—z

1—=2

(1—z)7°F = AF(a,b;c; 2)+ Bz " °F(a+1—c,b+1—c; z—c; 2).
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Since c is neither zero nor a negative integer, the last term is not analytic at z = 0.
Hence B=10. Then use z =10 to obtain 1-1=A-1, so A=1. Hence

a,c—b;

Flajb;e;2) =(1—2)"*F
(a3b5:2) = (1~ 2) —
G

Problem 14. Prove Theorem[3 by the method suggested by Ezercises 12 and 13.
Solution 14. (Solution by Leon Hall) Note that the first two parameters in F(a, b; c; z)
are interchangeable, so results involving one of them also apply to the other. By
FExercise 12,

—z

F(a,b;c;2)=(1—2)"°F <a,c— b; c; 1Z> .

Let w =

so this becomes
F(a,b;c;z) = (1 —2)"%F(a,c — b;c;w).
Again, by Exercise 12, applied to the second parameter,

Fla,bic;z) = (1= 2) "1 —w) “"F (C —a,c—b;c 1_ufw> .

Butl—w=(1-2)"1, and . =2z, S0
1—-w
F(a,bjc;z) = (1—2)"%((1—2)")"DF(c—a,c—bc, z)
=(1-2)"%bF(c—a,c—b;c;z2)
as desired.

Problem 15. Use the method of Section 39 to prove that if both |z|] < 1 and
|1 — z| <1, and if a,b,c are suitably restricted,

a, b; Ca— a, b;
F P ?(C)F(c - ¢ Z)F 1-2
c; (c—a)l(c—b) 1+04+1—-¢
_ _ J\c—a—b c—a,Cc—0;
IFe)'a+b—1c)(1—=2) 7 1—
T(a)L'(b) c—a—b+1;

Solution 15. (Solution by Leon Hall) We denote the hypergeometric differential
equation:

2(1—2)w"(z) +[c— (a+ b+ 1)z]w'(2) — abw(z) =0
by HGDE. If we make the change of variable z =1 — y, then HGDE becomes

y(1 —yw’(y) + [ex —(a+ b+ DyJw'(y) — abw(y) =0
where cx = a+ b+ 1 —c. Thus, two linearly independent solutions are

F(a,b;exy)
and
YU F(a+ 1 —cx, b+ 1 —cx;2 — cx; ).

These solutions as function of z are valid in |1 — z| < 1 and are

F(a,b;a+b+1—¢1—2)
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and
(1—2)° % Flc—a,c—bjc—a—b+1;1—2).
Thus, in the region D where both |z] <1 and |1 — 2| < 1,
F(a,b;c;z) = AF(a,b;a+b+1—c;1—2)+B(1—2)°" " F(c—a, c—b; c—a—b+1;1—2)

for some constants A and B.
Assume Re(c —a —b) >0 and ¢ # 0 or a negative integer and let z — 1 inside
the region D to get

F(a,b;e;1)=A-1+B-0.

Thus, by Theorem 18, page 49, we get

_ T(e)T(c—a—b)

- T(c—a)l(c—1b)
Now, let z — 0 inside the region D and assume Re(1—c) > 0 and neither a+b+1—c
nor ¢ —a — b+ 1 is zero or a negative integer. Then

1=AF(a,b;a+b+1—¢1l)+ BF(c—a,c—bjc—a—b+1;1)
and we get
1-AF(a,bja+b+1—¢1)

F(c—a,c—bjc—a—b+1;1)

Again using Theorem 18, this becomes

B =

1— T'(e)l'(c—a—b)T'(a+b+1—c)['(1—c)
T'(c—a)T(c—b)T'(b+1—c)'(a+1—c)
I'(c—a—b+1)I'(1—c) :
L(1-b)I(1—a)

B =

By Ezxercise 15, page 32 the numerator is equal to
I'(2 - ¢)|Gamma(c—1)T(c—a—-b)T(a+b+1—¢c)
T'(a)T'(1 —a)T(b)T(1 —b)

Hence,
Fr2—col(c—1I'(c—a—bl(a+b+1—c)
M@ O (c—a—b+1I(1—¢)

(1—-c)(1 —C)E(_Cl)(a+b—c)F(a+b—c)
T T(a)I(b)(c—a—b(c—a—bI(1—c)
_T(e)l(a+b—c)
T (o))

This yields the desired formula for F(a,b;c; z) in terms of the given hypergeometric
functions of 1 — z.

Problem 16. In a common notation for the Laplace transform

L{F(1)} = / T et Rt = f(s): L ()} = F).

Show that
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a, b;

1
Solution 16. Let A= Y1 =F z . We wish to evaluate A. Now
s
1+ s;

But
1 T +s)
s(s+1),  sI(1+s+n)
_ 1T+l +n)
~sn! T(1+s+n)0(1)
1 —n,s;
nls 14 s:
e (9w
T nls
= k"(l + S)k
Hence
I 1K (—nk
s(s+1), nl kzz()k!(8+k)
Then
_ 1 1 <= (n)ge "t 1 _
1 I — 1 _ t\n
Z {s(erl) } n!kzzo k! f(=e)
Therefore
o _ b;
= @)z —eyr T —t
A—ZJ il =F y z(1—e?)

b

There are many other ways of doing Exercise 16. Probably the easiest, but most
undesirable, is to work from right to left in the result to be proved. It is hard to see
any chance for discovering the relation that way.

Problem 17. With that notation of Exercise 16 show that

14 n 3+n
27 27
n . - CLF(’I’L + 2) a2
L{t Slnat} = WF 757
3,
27
Solution 17. We wish to obtain the Laplace Transform of t" sinat. Now
. St (71)ka2k+1tn+2k+1
t t =
S ;) 2k + 1)!
and
r 1
gm _ Dm+ D)

Sm+1 .
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Hence

1)*a?* 1T (n + 2k + 2)
2k: + 1)lsnt2he2

F(n +2) \ 3 (=D)*(n + 2)aka®
(

R 2) 95 52F

al'(n +2) Z( b* (T)k(ngg)ka%

Sn+2

Z{t"sinat}

|M8

2k

7 N
| o
N———

al'(n +2) —a?
Sn+2 F

Problem 18. Obtain the results
log(l+z) =2F(1,1;2; —x),

1 1 3
= F 2
arcsmx T (2 2 2 )

13
arctanz = o F (2, 1;—; —x2> .
n! D)y

Solution 18. Using CF] = 2 we know that

e (_1)nxn+1
ngo n+1

e (D)D) (1)
- 5”2::0 (2)nn!

= xF(l, 1;2; —x).

log(1 + z)

Next, start with

1
; _ _\2
)

Thus we arrive at

> (1 1 on41
arcsinx = Z M
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Finally form
L+ =) (-1)my™
n=0
to obtain
T e 1)n 2n+1 0 n(l) 2n+1 (1)
1 2 71d _ ( 2 . n
/0(“/) V=D T o+ 1 Z (2) nl
n=0 n=0 2 n
or
1 3
t =aF(=,1;=;-2%).
arctanr = x (2, 55 ac)

Problem 19. The complete elliptic integral of the first kind is

K:/EL
0 V1-k2sin?¢

Show thatK—zF(l 1 1; k2).

2 27 b
: H d¢ .
Solution 19. From K = — we obtain
V1 — k2sin® ¢

1 k2n 211 ¢d¢

But
RO | 11\ _Te+35)rG) M6 G, r6),
/0 sin“" ¢d¢ 23(n+2,2)— 3 (n + 1) ol 5
Hence (1) (1) ,
_E - 2/n \2 nkn o - - 2
K_QZ n'n! 2F<2 2’”“)

Problem 20. The complete elliptic integral of the second kind is

%
:/ V1 — k2sin® 0d6.
0
™ 1 1
E=—-F|(=,—-=;1;k?).
Show that 2 (2, % 7k)

Solution 20. From E = /2 V1 — k2sin®0df, we get
0
2 (=), K2 sin® ¢do
E = / oo
>

n!

n=0
s} 1 1 2n
™ —3),(3),
T2 Z:o nln!

Hence
11
E="F(-2 = 1k%).
2 2°2

Problem 21. From the contiguous function relations 1-5 obtain the relations 6-10.
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(1) (a —b)F = aF(a+) — bF(b+),
(2) (a—c+1)F =aF(a+)— (¢c—1)F(c—),
(3) [+ (b — )2IF = a(1 - 2)F(a+) — (e — a)(e — b)2F(c+),
(4) 1 —=2)F = F(a—) —c Y(c—b)zF(c+),
(5) (1—2)F =F(b—)—c Y(c—a)zF(ct),
(6) 2a —c+ (b—a)z]F = a(l - 2)F(at) - (¢ — a)F(a—),
(7) (a+b—c)F =a(l—2)F(a+) — (¢ —b)F(b-),
(8) (c—a—b)F = (c—a)F(a—) — b(1 — 2)F(b+),
(9) (b—a)(1 - 2)F = (c — a)F(a—) — b(1 — 2) F(b+),
(10) 1 —z+(c—b—1)z]F = (¢ —a)F(a—) — (¢ = 1)(1 — 2)F(c—),
(11) 2b—c+ (a —b)z]F = b(1 — 2)F(b+) — (¢ — b)F(b—),
(12) [b+ (a —¢)2]F = b(1 — 2)F(b+) — ¢ *(c — a)(c — b)zF(c+),
(18) (b—c+1)F =bF(b+) — (¢ — 1)F(c—),
(14) [1=b+ (c—a—1)z]F = (¢ — b)F(b—)
(15) [e—=14(a+b+1—2¢)2z]F = (c—1)(1

|F
Solution 21. From (3) and (4) we get
[a+(b—c)z—(c—a)(1 =2)|F =a(l - 2)F(a+) — (¢ — a)F(a—),

— (=Dl = 2)F(c—),
—2)F(c—)—c Y (c—a)(c—b)zF(c+).

(6) [2a —c+ (b—a)z]F = a(l — 2)F(a+) — (c — a)F(a—).
From (3) and (5) we get
[a+(b—c)z—(c=b)(1—-2)]F =a(l —2)F(a+) — (c—b)F(b—),
(7) [a+b—cF =a(l—2)F(a+)— (c—b)F(b—).
From (1) and (6) we get
[(a=b)(1—2)—2a+c—(b—a)z]F = (c—a)F(a—) —b(1l — z)F(b+),

or

(8) [c—a—blF =(c—a)F(a—) —b(1 - 2)F(b+).
From (6) and (7) we get
9) (b—a)(1—2)F =(c—a)F(a—) — (¢ = b)F(b—).

Use (2) and (6) to obtain
[([a—c+1)(1—-2)—2a+c—(b—a)z]F =(c—a)F(a—) — (¢ —1)(1 — 2)F(c—),
(10) l—a+(c—b—1)z]F =(c—a)F(a—) — (¢ — 1)(1 — z)F(c—).
From (1) and (7) we get
[a+b—c—(a—0b)(1—2)]F=5b1-2)F(b+)—(c—b)F(b—),
(11) 20 —c+ (1 —b)z]F =b(1 — 2)F(b+) — (¢ — b)F(b—),

which checks with (6). Easier method: in (6) interchange a and b. From (1) and
(3) we get

[a+ (b—c)z— (a—b)(1 —2)]F =b(1 - 2)F(b+) — ¢ (¢ — a)(c — b)zF(c+),
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(12) b4 (a —c)z]F = b(1 — 2)F(b+) — ¢ (c — a)(c — b)zF(c+),

more easily found by changing b to a and a to b in (3). In (2) interchange a and b
to get

(13) (b—c+1)F = bEF(b+) — (c — 1) F(c—).
In (10) interchange a and b to get
(14) l—b+(c—a—-1)z]F =(c—=bF(b—)—(c—1)(1—2)F(c—).

From (2) and (3) we get
[a+(b—c)z—(a—c+1)(1—2)]F = (c—1)(1—2)F(c—) —c *(c—a)(c—b)zF(c+),
or
(15) [c=1+(a+b—2c+1)z]F = (c—1)(1—2)F(c—)—c *(c—a)(c—b)zF(c+).
Problem 22. The notation used in Ezercise[21] and in Section 33 is often extended
as in the examples
Fla—,b4+)=F(a—1,b+ 1;¢; 2),
F(b+,ct+) = Fla,b+ 1;¢+ 1; 2).

Use the relations (4) and (5) of Exercise[21] to obtain

F(a—) = F(b—=) +c '(b—a)zF(ct+) =0
and from it, by changing b to (b+ 1) to obtain the relation

(c=1=0b)F =(c—a)F(a—,b+)+ (a—1-0)(1 — 2)F(b+),

or
(c—=1=b)F(a,b;c;z) = (c—a)F(a—1,b4+1;¢;2)+(a—1=0)(1 —2)F(a,b+1;¢; 2),
another relation we wish to use in Chapter 16.
Solution 22. From Ezercise[21] equation (4) and (5) we get

(1)(1 = 2)F = F(a—) — ¢ *(c — b)zF(c+),

(2)(1 = 2)F = F(b—) — ¢ *(c — a)zF(c+).
From the above we get

F(a—) — F(b=) +c¢ (b —a)zF(c+) = 0.
Now replace b by b+ 1 to write

Fla—,b+)— F+c ' (b+1—a)zF(b+,c+) =0,
or
F(a,b;c;2) = Fla—1,b+1;¢;2) + ¢ H(b+1—a)zF(a,b+ 1;¢+ 1; 2).
Problem 23. In equation (9) of Exercise shift b to b+ 1 to obtain the relation
(c—=1-0b)F =(c—a)F(c—,b+)+ (a—1—-0)(1 — 2)F(b+),

or
(c—=1=b)F(a,b;c;z) = (c—a)F(a—1,b4+1;¢;2)+ (a—1-0)(1 —2)F(a,b+1;¢; 2),

another relation we wish to use in Chapter 16.
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Solution 23. Equation (9) of Ezercise[21] is
(b—a)1-2)F =(c—a)F(a—) — (c=b)F(b—)
from which we may write
(b+1-a)(1—2)F(b+) = (c—a)F(a—,b+) — (c—b—1)F,
or

(c=b—1)F(a,b;c;z) = (c—a)F(a—,b+1;¢;2) + (a—1=0)(1 = 2)F(a,b+ 1;¢; 2).
6. RESULTS FROM CHAPTER 5 USED
T
Theorem 7. If z is nonintegral,

™

()1 —2) =

sinmz’
Theorem 8. (Dizon’s Theorem) The follow is an identtiy of a,b, and ¢ are so
restricted that each of the functions involved exists:

a,b,¢; F1+3a)l(14+a-bI(l+a—c)T(1+3a—b—c)

3 F, 1] = .
l4a—bl+ta—e 14+ a)l(1+3a—bT(1+3a—c)T(1+a-b—c)

Theorem 9. If Z(a) > 0, Z(5) > 0, and if k and s are positive integers, then
insdie the region of convergence of the resultant series

t A1,y.-.,0p;
/xafl(tf:c)ﬁflqu cx®(t — x)*
0 bl,...,bq;
a a+1 a+k—-1 5 g+1 B+s—1
A1y ey Qpy — = ;
1, ) paka k ) ) k 78’ S ) ’ S )
atf—1 kFsScthts
= B(O‘, ﬂ) p+k+qu+k+s W
. b a+f a+B+1 a+f+k+s—1
17"'aq7k+87 k;+s yeey k+8 )
Theorem 10. If z is nonintegral,
70
rzra-z = prg

Theorem 11. (Dizon’s Theorem) The follow is an identtiy of a,b, and ¢ are so
restricted that each of the functions involved exists:
a,b,¢; P(1+ L)1 +a—bI(1+a—e)l1+la—b—0c)

3k 1| = .
l4a—bl+a—c; 14+ a)l(1+3a—bT(1+3a—c)T(1+a—b—c)

Theorem 12. If Z(a) > 0, Z(8) > 0, and if k and s are positive integers, then
insdie the region of convergence of the resultant series

A1,y.-.,0p;

¢
/ 2 Nt —2)P1F, cx®(t — x)*
0 b17...,bq;
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a a+l at+tk—-18 B+1 B+s—1
k7 k bR ] k 557 S AR | s b

ai,...,0ap,
kFsscthts

ZB(Oé,ﬁ)a+ﬁ71p+k+qu+k+s m
a+fB a+p+1 atf+k+s—1

b b
1 ) ) k+8 )

U k4 s’ k4s

7. CHAPTER 5 SOLUTIONS

1
Problem 1. Show that
1 1.1 1 1
= = sa+ b sa+ob— o
oF1 z | oFy v |=oR | 2 22 2 2 A
a; b; a,ba+b—1;
Solution 1. Consider the product
St xn+k
Fi(—:a: F(—:b: —
0 1( aavx)o 1( ) 793) n;o (a)k(b)nk'n'
% m "
:E:E: xl I
2 2 @) (B iki(n — B)
_ i " (1 =b—n)p(—n) "
e (a)kk! (b)nn!
o —-n,l —b—mn; o
7;) a; (B)nn!

We then use the result in Ezercise 6, page 69, to get

= (a+b—1)sua"
oFi(=;a;2)oFi(—biz) = Zz (®)n(@)n(a+b—1)unl

atb-1
()

=N 2 Tn (), (B)n(a+b—1)un!
n=0 <a’+b 22n pn

2
a—l—gL a+b—1
=2l F 2 2 4x
a,ba+b—1;
Problem 2. Show that
13
t 4717
1
/ 22 (t—2) 31— 22(t — 2)?] " 2de = —mto Fy t*
0 2 16
1;

Solution 2. We use theorem[I3 on the integral

A:/O x2(t—x)"2[1 —2°(t — 2)°] " 2dux.
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l1+a—0b,14a—c;
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Now .
1 1
A:/ mf(t—m)_%lFO (2;—;x2(t—x)2) dx,
0
) 3 1 1
S0 N Theorem we pput |alpha = 3 8 = 3 p=1,q=0, a1 = i,c =1k=
2,8 = 2. The result is
13513
24444
1 262242
A=5(2 R G ahay
2°2 44
2345
4’4744
or
3 1 13, 13
F(2>F<2> 171, , - 1717 ,
A: ?tzFl L - §t2F1 L B
(2) 16 16
L1 L
as desired.

Problem 3. With the aid of Theorem[I, show that
I'(1+ 1a) _cos imal’(1 - a)
Fl+a)  T(1-3a

and that
I'l4+a-b5) sin(b— 1a)L'(b— 1a)

I(1+ 3a—0) sinm(b—a)I'(b— a)
Thus put Dizon’s theorem (Theorem in the form

a,b,c; 1

)L(b—2a)l(1+a—c)l(1+2a—b—c)

cos smasinm(b— 1a) I'(1 -
3kh = 1
l1+a—-5b,1+a—c
Solution 3. We first note that, since T'(2)T'(1 —z) = — T
sinmz
1 1 1 1 1
r <1 + 2a> r (1 — 2a> - ial" (2a> ¥ (1 — 2a>
'l+a)T(1—a) B al'(a)T'(1 — a)
sinma -
= . Ta
27 sin —

T . ow
2cos —asin —a
2 2
G
2sin —a
Ta
= cos —.

2

a,b, c; cos %a sinm <b — ;a> I'(l—a)l (b — ;a> 'l+a-col (

sinw(b— a) -F( —fa)Fb—a)l(1+3a—c)ll+a—b—c)

1
l1+-a—-b—c

sinmw(b — a)

I‘(l;a>F(ba)F(1+;ac)F(1+abc)
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1 1
so long as a, §a,b —a,b— 5(1 are not integers and the gamma functions involved

have no poles.

But now we have arrived at an identity (for non-integral values of certain param-
eters) which has the property that both members are well-behaved if a is a negative
integer or zero. It follows that the identity continues to be valid for a = —m, n a

nonnegative integer. If a = —(2n + 1), an odd negativer integer, cos % =0.

Problem 4. Use the result in Exercise[3 to show that if n is a non-negative integer,

—2n,a,1— 0 —2n; @) ()a(B — a)n
3Fy 1| = ' .
1—a—2n,0; nl(e)2n (B)n
Solution 4. If a = —2n in the identity of Exercise [3 above, and if we chose

b=a,c=1— 72", we obtain

—2n, 0,1 = f = 2n; cos(—mn)sinm(a+n) T(1+2n)T(a+n)'(1-2n—-1++2n)(1—n—a—1+ S+ 2n)

3£ 1—a—2n, B ! B sin (o + 2n) Frl4+n)l(a+2n)T1—-n—-14+8+2n)T(1-2n—a—1+4+ 5+ 2n)
_ (D)= sinma (2n) () L(B)T(B —a+n)
sin o nl(a)2,I'(B +n)I'(B — a)
_ 20)!(@)al8 - a)n
n!(O‘)Qn(ﬂ)n ’
as desired.

Problem 5. With the aid of the formula in Ezercise[J) prove Ramanugjan’s theorem:

a,f—a
1F1 T F1 —X =9 F3 I
& LB 825,38+

Solution 5. Consider the product

< (—n)r()p(1 =B —n)i (a)na”
B Z E(B)k(l—a—=n)r  nl(B)n

n=0 k=0

0 7”3043175777'; (a)nzn
:Z?’FQ n(B)n

n=0 8,1 —a—n; en

Since the product of the two 1Fys is an even function of x, we may conclude that

—2n—1,a,1 -3 —2n—1;
3F 1]1=0
6,1 —a—2n—1;
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and that
00 —2n,a,1 — 3 — 2n; 2
(s ’ (Q)ann
Fi(a; By2)1Fy(o; B;—x) = F L
Fifos BranFiles fi ) =3 0P P 2n)(F)zn

by Ezercise[f} Hence we get Ramanujan’s theorem

a,f —aq;
1F1(o; B3 2)1 Fi(o; B —) = o F3 1
B.3B. 5B+ 3
72779 2’
Problem 6. Let~y, =3 Fo(—n,1—a—n,1—b—n;a,b;1). Use the result in Exercise@
to show that ya,4+1 =0 and
(=D)™(2n)!(a+b—1)3,
nl(a),(b)n(a+b— 1),

Yon =
Solution 6. From Ezercise[3, we get

i a, B,7; . cos sinm(f—§) (1 —-a)l'(B—5) (1 +a—-y)I(1+5
3172 =

l4a—B1+a—n: sinm(f—a) TA-9IB-a)l1+§-—7)I1+a

Consider v, = 3Fa(—n,1 —a—mn,1 —b—mn;a,b;1). We wish to use « = —n, but
cos (%) =0 for n odd. Hence vyo,+1 =0 and

Yon = 3Fo(—2n,1—a —2n,1 —b— 2n;a,b;1).

Therefore in the result from Exercise 7?7 we put « = —2n, f =1—a —2n, v =
1 —0b—2n, and thus obtain

_cos(nm)sinT(l —a—mn) [(1+2n)'(1 —a—n)I'(b)I'(~1+a+b+3n)

T = sinm(1 — a) T(1+n)(1—a)L(b+n)(—1+a+b+2n)
_ cos?(nm)sin(1 — a) (2n)!/(—=1)"(a +b— 1)3n
sin(1 — a) nl(@)n(D)n(a+b—1)2,

so that
(=D)"2n)!(a+b—1)3,
nl(a)n(D)n(a+b—1)g,

Problem 7. With the aid of the result in Exercise[6] show that

Tn =

1 1 1
=(a+b-1),z(a+0b),5(a+b+1);
3 3 3

—27t?

OFQ(—;a,b;t)OFQ(—;a,b; —t) =3 Fg 64
1 11,1 11
a,b,—a+ b, =b+

1
-z -z —1).= .
0t gighgbt g glatb=1),5(at+b);
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Solution 7. Let us consider the product

¥(t) (

I
o
5

sa,b;t)0Fa(—; a,b; —t)

o
NE

n=0 k=0
_ b (—n)k(l—a—n)k(l—b_n)k n
s @) ONOR
oo tn
- L,
72nt2n

WK

5 (2n)!(a)2n (b)2n”

n

in terms of the v, of Exercise @ above. We already knew that vyan4+1 = 0 which
checks with the fact that ¥ (t) is an even function of t. Since, by Ea:ercise@

(=D"(2n) (a+b—1)sn

Tn = nl(a)n(d)n(a+b—1)2, "
we have
B %) (71)n(a+ bh— 1)3nt2n
v(t) = T; n!(a)n(0)n(a)2n(a+b—1)a,
-y (175 (221), (252), (25 o
Sl 02 (3), (53,2 (3), (051, 2 (57, (59),,

1 1
la+b— 1)7§(a+b),§(a+b+1);

27t2
OF2(*1,a,b;l‘)0F2(7;a,b; 733) =3[} _67
abg a+1éb+1 a+b—1 a+b
) 727 9 727 2 I} 9 y D) ;
Problem 8. Prove that
" n- 7k7b7 )
z”: (_1) k('}/_b_c)n—k(’y—b)k(’y—c)kx k3F2 c i
(n —k)!
k=0 kl(n — k) () 1—y+b—k1l—~y+c—k
1 1 n 1 1
5, —sn+t o, l—7—n
_ =y =9l -2)" 277 2" "9 »
- ] 3472  —Ax
n(')/)n (l—x)Q

l—v+b-—n1—vy4+c—mn;

and note the special case v = b+ c, Whipple’s theorem.
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Y- b?’Y -G
Solution 8. Let 1) = oI} t(l—xz+at) |. Then
vi

v = i (v = 0)u(y = Jnt™[(L — z) +2t]”

B i i _ b ) (1 _ x)n—kxktn-‘rk
k=0 k=0 k' (n = B)!(7)n
_ i % =) k(v — )i (l — x)”’%xkt"
n=0k :? k" ’fl - Zk) ( )n—k
_ ii n)zn(l — v —n)i(=1)"" (v =b)n(y = )n(1 — z)"t"
n=0n= Ok'l_’y+c_n) (1—’7—|—b—n)k(1—$)2k n'(W)n ’
or
n n-—1
oo *57*771*7*’”;
b= 3 ab, o | Q=B =91t
1-2)2 n(y)n
l—-v4+b—nl—v+c—n
But also, since 1 —t(1 — x + ze) = (1 — t)(1 + xt),
b, c;
U= (1—t)"T (1 +at)bte 7R t(1 — x4 xt)
73
Hence
- o O)n(@)at™ 1 — (1~ )"
= (1 —t)PTe=v(1 4 wt)bte
RS .
VEB) () na® (1 —t)ktn
:(1 )bJrc 1 1+I‘t b+c—vy ,
DI I I
or

—D)*(0)nrk (€)nsra® (1 —t)"t"HF
En(y)ntk
b+k,c+k; ]
1

¥ = (1=t (14 at)Pre i (

n,k=0

= (L4at)ter(1— )7y LR
v+ ks

Now

b+ k,c+k; v—=by—c
o Fy t | =0—-t) kR t|.

v+ k; v+ k;
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Therefore
2 | YThYme (~D ()i ()ulat)*

= (1+2t)ter SN LF t kA k

(0 (1+axt) ;;)2 1 7+k;- )
o— (Y = b)nly — )71xktn+k
= (1 + at)bte nkzo k'n'( -~
c)s(Y = 0)n_s(y = C)p_sa°t"
— 1 b+c—r
o Z Z sl(n = )1

—n, b, ¢c;

(=) (y—b— C)nxt"
(Z( I -t >23F2 )

l—v4+b—n,1—v4+c—n

n=0
or
> N —k,b,c; & L
s Uy &y —1)" _b—Cn, S o)
b= 3P L | DT k:'()) (z;fv_k)')k(v Vi
n=0 k=0 1—’}/+C—b,1—’y—|—c—x; \Y)k :

By equating coefficients of t"™ in the two expansions we obtain the desired identity

Exercises 9-11 below use the notation of the Laplace transform as in Exercise 16,
page 71.

Problem 9. Show that

. 1+caq,...,a,;
a1,y .., Gp; y ALy e Ops
LR pn :M Ja Z
P-4 glte 1 q s
b17...,bq; b]_,...,bq;
T 1
Solution 9. We know that L{t™} = (LL) Then,
Sm
A1,y .., 0p; o'} ((L ) (a ) on
Lt F zt = M—M,Z{t"““}
pl'q by nz::() (b1)n - - (bg)nn!
(@) (14004
= (b1)n - (bp)pmlsm it 1
14+cyaq,...,ap;
F(l1+¢) ! P z
= e riifa 5
bl,...7bq;
Problem 10. Show that
1 A1y ...,0p; A1y ...,0p;
-1! 2 1 2 =p Fyi1 2(1—eh)
Sp 54+ 1,b1,...,by; 1,b1,...,by;

Solution 10. In Chapter 4, Exercise 16 we found that

i) - 25

t".
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It follows that

B ai,...,ap; ai,...,ap;
L7 s z = ply Z(l—e™)
1+S,b1,...7bq; ].,bl,...,bq;

Problem 11. Show that

sk k+1;
L {(} . ot

k+1;
st 1 1 _1. z
(s—z)’““is(l—%)kﬂi 1o 5
By Ezercise [ with ¢ = 0,
(1 k+1; - LkE+1;
g—l ( )1F0 E _D(f—l ( )2Fl E
s s S
- L
k+1;
=tF zt
L
k+1;
=F zt
L
Problem 12. Show that
P
d ai,...,0p; 1__[1“’” ar+1,...,a,+1;
@qu z | = oIy z
bl,...7bq; Hbj b1+1,...,bq+1;
j=1

Solution 12.
d at, ..., 0ap; n—1

%pq

z = - (a1)n ... (ap)nz
2 (b1)n - - (bg)n(n —1)!

= N (al)”‘H c (aO)n—i-lZn

- Z (b1)nt1 - - (bq)nJrln!

ar+1,...,ap, +1;

bl—i-l,...,bq—‘rl;

Problem 13. In Exercise 19 page 71, we found that the complete elliptic integral
of the first kind is given by
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Show that

/Ot K(y/a{ —2))dz = 7 arcsin (;) .

Solution 13. We are given that

Now consider

A= /0 K(\x(t — x))dx.

By the integral of Section 56, (i.e. Theorem 57) with « = 1,8 = 1,k = 1,5 = 1,
etc.

Il
\
oo}
—
l_‘
—
~—
=y
N}
L
S
o
—_

t
= T arcsin (2> ,

by Exercise 18, Chapter 4.

8. CHAPTER 6 SOLUTIONS

1

Problem 1. By collecting powers of x in the summation on the left, show that

o0 1 xT
Z Jong1(x) = 5/ Jo(y)dy.
n=0 0
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Solution 1.
(71)n(%)2n+2k¢+1
nl(n + 2k + 1)!

> Jaka(z) =)
k=0 n=
( l)n k( )2n+1

:Zg(n—k)!(njk+1)!
LS G G

=0 k=0 (n+1)k nln+1)!

o —-n 1.
- e
= ngo o F1 o 1 T
_ Z T(n+2)I'(2n + 1)(=1)"(L)2n+L

I'(2n+2)I'(n+ 1)n!(n i 1)!
= (g
- n; (2n + l)n'n'

0
2n
/ a0
n'n'

Problem 2. Put the equation of Theorem 39, page 113, into the form
1 _ _
(A) exp[Qz(t—t ]—Jo —|—ZJ 1™
Use equation (A) with t =1 to conclude that

cosz = Jo(z —l—QZ Jgk

Solution 2. We know that

exp Bz t—t_l} Z In( Z In ()" + Jo(z) + ZJn(z)t".

n=-—00 n=-—00 n=1

Now J_,,(z) = (=1)"Jn(z). Hence
exp[ t—] ZJ 2)E" + Jo(z +ZJ )Tt"
=Jo(2) + Y Jn(@" + (1)t

Now use t = i. Then (—1)"i~" = ®"~" =" and

m (. 1 . ..
exp |5 |\1- = exp(iz) = cosz + isin z.

49
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Therefore

cosz +isinz = Jy(z +222"J
But Jp(—z) = (=1)"Jn(2), so we have

cosz —isinz = Jy(z +2Z D" T (

n=1

(note: above argument can be done more easily by equating even and odd function
of z) Thus we get

cosz = Jo(z) +2 Z i*"dyy (2) = Jo(2) + 2 Z(—l)"Jzn(z)
n=1 n=1
and
isinz =2 Z i2"+1J2n+1(2),
n=0
or

sinz = 2 Z )" Jant1(2).

n=0

Problem 3. Uset = €' in equation (A) of Exercise@ to obtain the results

cos(z sin(0)) )+ 2 Z Joi (z) cos(2k0),

sin(z sin(6)) = 2 Z Jok+1(2) sin(2k + 1)8.
Solution 3. Putt=e". Thent" + (—1)"t™" =" 4 (—=1)Ne " and

exp [; (t - 1)} = exp(izsin(6)) = cos(zsin(6)) + i sin(z sin(6)).

Also e+ (—1)"e™ " = [14+(—1)"] cos(nf)+[1—(—1)"] sin(n). From exp B <t - 1)} =
)+ Z JIn( — 1)™7"] we thus obtain
cos(z sin 0)+isin(z sin 0) —|—Z In( —1)") cos(nf)+(1—(—1)") sin(nd)].

Now equate even function of z on the two sides, then odd functions of z on the two
sides to get

cos(z sin 6) )+ 2 Z Jok (2) cos(2k6)

and

sin(zsinf) = 2 Z Jok+1(2) sin(2k + 1)0.
k=0
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Problem 4. Use Bessel’s integral, page 114, to obtain for integral n in the relations

(B) 14 (=D Ju(2) = % /W cos(nf) cos(z sin(6))db,
(@) [1—(=1)")Jn(z) = i/oﬁ sin(nf) sin(z sin(#))d6.

With the aid of (B) and (C) show that for integral k,

1 ™
Jor(2) = ;/ cos(2k0) cos(z sin(thetaA))do,
0

1 us
Jopt1(2) = f/ sin(2k + 1)6 sin(z sin(#))d#,
T Jo
/ cos(2k + 1)0 cos(zsin(0)do = 0,
0

/ sin(2k0) sin(z sin(6))dd = 0.
0
Solution 4. We know that
In(z) = l/ cos(nf — zsin 0)d6.
™ Jo
Then
L7 . L. . .
In(z) = f/ cos(nf) cos(zsin 6)dl + f/ sin(n#) sin(z sin 0)d6.
T Jo T Jo
Now change z to (—z) to get

(=) Jn(2) = 1 /07r cos(nf) cos(zsin 6)df — 1 -/OF sin(nd) sin(z sin 0)d6.

T T
We then obtain

(B) 1+ (-1)"Jn(z) = 72r/0ﬂ cos(nf) cos(z sin 6)df
@) [1— (=1)"Jn(z) = i/oﬂ sin(n#) sin(z sin 6)d6.

Use (B) with n = 2k and (C) with n = 2k 4+ 1 to obtain

1 s
Jo(2) = 7/ cos(2k0) cos(z sin 0)db,
0

T
Joy1(2) = 717/07r sin(2k + 1)6 sin(z sin 0)d6.
Use (B) with n =2k + 1 and (C) with n = 2k to obtain
/OTr cos((2k + 1)0) cos(z sin 0)df = 0,
-/OF sin(2k0) sin(z sin §)dé = 0.
Problem 5. Ezpand cos(zsin(f)) and sin(zsin(0)) in Fourier series over the in-

terval —m < 0 < w. Thus use Exercise 4| to obtain in another way the erpansions
in Ezercise[d.



52 SOLUTIONS BY SYLVESTER J. PAGANO AND LEON HALL; EDITED BY TOM CUCHTA

Solution 5. In the interval —m < 0 < 7, the Fourier approzimation of f(0) is

f(0) = %ao + > (an cos(nd) + by sin(nd)),

n=1
in which .
ap = — £(0) cos(nd)db,
by, = — f(0) sin(nd)de.
™ —T
Consider first f(0) = cos(zsin€), an even function of 0. For this function
an = z/ cos(nf) cos(zsin 0)do, b, = 0.
0

™

By the results in Exercise we obtain asgy1 = 0, azy = 2J2x(2). Hence
oo
cos(zsin ) = Jy(z) + 22 Jok(2) cos(2k0), —m < 6 < .
k=1

Neat, let f(0) = sin(zsin®), an odd function of 8. For this function,

an =0,b, = g/ sin(nf) sin(z sin 0)d6.
T Jo

From Exercise we get bap = 0,bag11 = 2Jax41(2). Hence

sin(zsin @) =2 Jops1(2) sin((2k + 1)0)), -7 < 0 < .
k=0

1 1
Problem 6. In the product of exp [Qx(t - t_l)} by exp [—Zm(t - t_l)} , obtain
the coefficient of t° and thus show that

Jo(x)+2>  Ji(x) = 1.
n=1

For real z conclude that |Jo(x)| < 1 and |J,(z)| <272 forn > 1.
Solution 6. We know that

exp B (t - 1)} = /:_O_OO T (2)t"

exp {—; (t— m :/:O (—1)F T (2) T ()7

and thus that

The coefficient of t° on the right is (k = —n)
> (1) (@) () =0,

from which we obtain

To(@) +2) (~1)"Tn(@)Jn(x) = 1.
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But Jop(z) = (—1)"J, (). Hence
o0
Jo(x)+2)  J2(x) =1.
n=1

It follows at once, for real x, that

[Jo(z)] <1,

IFo(z)| < —=,n > 1.

Sl

Problem 7. Use Bessel’s integral to show that |J,(x)| < 1 for real x and integral

n.

S

Solution 7. Bessel’s integral is

1 Uy
In () = = cos(nd — x sin 0)d6.

For real  (and n), |cos(nf — xsin@)| < 1. Hence

1 s
n < — df = 1.
@<z |

Problem 8. By iteration of equation (8), page 111, show that

L, dm < m—
2 (himt]n(z) = nzz;)(_l) ka,k:Jn+m—2k(z)a

where Cy, 1 15 the binomial coefficient.

d
Solution 8. We have, with 9 = o from (8), page 100,

2.@Jn(2’) = Jn_l(z) - Jn+1(z).
Then
2292 J,(2) =29J, 1(2) — 2D Jp11(2)
= Jn-2(2) = Jn(2) = Jn(z) + Jns2(2)
= Jn—2(2) = 2Jn(2) + Jnt2(2).
Let us use induction. Assume

m

2m@mJn(2) = Z(_l)m_kcm,kJn+mf2k(2)v
k=0

as we k now is true for m = 1,2. Then

m

2m+1@m+1<]n(z) = Z(*l)mikcm,k[Jn-&-m—Zk—l(Z) — Jntm—2k41(2)]
fn:JPI m
= Z (=1)" 1 Tngm1—26(2) + Z(_l)m+l_kcm,k=7n+m+1—2k(Z)
k=1 k=0

=Y (D" Cr + Crn o}t mer1—20(2) + (=1 g1 (2) + Jneme1 (2).
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Now Cpy i+ Cy =1 = Cg1,1 (Pascal’s triangle), so that (using the last two terms
also),
m—+1

2m+1@m+1Jn(z) = Z(_1>m+1_kcm+1,kjn+m+172k(Z)a
k=0

which completes the induction.

Problem 9. Use the result in Exercise 1, page 105, to obtain the probduct of two
Bessel functions of equal argument.

Solution 9. We know already that

atbatb-l
oFi(—sa;2)oFi(—;byx) = o3 2 2 A
a,b,a+b—1;
Then
Z\T fZ\™
Jn(z)‘]m(z) = (5) (5) 0F1(—'n—|—1'—12)0F1(—‘m—|—1'—ﬁ)
I'(n+1I'(m+1) ’ "4 ’ "4
(z>”+m n+m+2 n+m+1
_ 2 L Fy 2 2 )

F'n+1)I'(m+1)
n+1lm+1l,n+m+1;

Problem 10. Start with the power series for J,(z) and use the form (2), page 18,
of the Beta function to arrive at the equation

2(32)" 2
In(z) = 1%/(} sin®" ¢ cos(z cos ¢)da,

1
for Z(n) > —3
Solution 10. We know that

= (i) k -

e = kZ:O 2FET(k+n+1) ,;0 22k (k +n+1)

ORI G LGS

k+n+1)I‘<n+1>

2
1 1
Blk+ = —
(+2,n+2)

oo (_1)kz2k+n

Also

=
S
+
3
+
=
—
TN
N | =
S~
=

/E cos?k ¢ sin®™ pdop.
> 0
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Therefore

n
™
2

z
2 1 sin®" ¢ cos(z cos ¢)d¢
<TL + 2>

"
0

Problem 11. Use the property

™

(
6

2 I 2 sinQn (b COS(Z COS ¢)d¢
(n + 2)

d 1du

=R (—:a: — 227 B (—- 1:
de 1( aaau) admo 1( 7CL+ ,u)

to obtain the differential recurrence relation (6) of Section 60.

d 1d
Solution 11. We know that —oFi(—;a;u) = f—qul( ;a+ 1;u). Since
dx adx
(5) :
9 z
1 Ju(z) = —22 Fy (=1 40—
W )= iygen (it

we obtain

d 1 1 z 22
2L i,-n — 2V oF [ =2 .2
dz (27" n(2)] 2"T(1+n)1+n ( 2)0 ! ( et 4)

n+1
(5) z2
=z "ol (—; 2+m; —)

T(2+n) 4
—2 "I p1(2),

which yields (6) of Section 60.

Problem 12. Ezpand

2t — t2

1+ o
in a series of powers of x and thus arrive at the result

o0

(t— 2x>—%“Ja(m) BS Jotn (2"

t n!
n=0

55
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1
Solution 12. Consider o Fy {—; 1+ a; Z(2xt — t2)} . We obtain

)

2zt — t2 o~ "2z — )"
= it = A
14+ o "=
_ZZ 2k)ntn+2k
n=0k= ow2”+2k 1—|—a) +rkin!
- 33 e Ty
oo 022’%' 1+a+n)k 22npl(1 + o),
t n
= 2 (2> 2" T (14 )
— F _.1 - .
Z:OO 1( et 4) nIT(1+ o+ n)

¢ a+n
J, (t)<2)F f'1+a+n'fﬁ
a+n - F(OK—F’I’L—FI)O 1 ) ) 4 )

so we obtain

2zt — t* <t)a 2 Tnra(t)z
F; = " | =Tl+al= _—
i : ara(t) Uy
14+ o
or

<M> h T(1+a)a (x/tQ - 2xt) =T(1+a) <;) R i Inta(t)z”

2 o n!
or . .
—92 2 n
L2 e =S Tall)e”
t — n!

Problem 13. Use the realtions (3) and (6) of Section 60 to prove that: For real
x, between any two consecutive zeros of x~"F,(x), there lies one and only one zero

of x™"F, n+1( )

Solution 13. We are given that

d n _.n
(@) = " T (),

% (27" Ty (2)] = =27 " Jnqa (2).
We know that Jp,(z) has exactly n zeros at x = 0. Let the others (we have proved
there are any) on the azxis of reals be at a1y, 02 p, . ... The curve y =z~ "J,(x) has
its real zeros only at the a’s. By Rolle’s theorem we see that the zeros Bi n,, Ba,nys - - -
of

y/ = -z " Jny1(z)
are such that an odd number of them lie between each two consecutive a’s. The
curve

Y2 = 2"y ()
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has its zeros at x = 0 and at the B’s. But
Yy = x"+1Jn(x)7
so the a’s lie between consecutive 3’s.

Problem 14. For the function I,,(z) of Section 65 obtain the following properties
by using the methods, but not the results, of this chapter:

(W2l (2) = 2I,_1(2) — nl,(2),
(D21)(2) = 2ia (=) + nla(2),
(3)215,(2) = In-1(2) + Ins1(2),

(9201, (2) = 2[Tu1(2) — T (2)]
Solution 14. (Solution by Leon Hall)

I,(2) :i*’(L ;Tgm)
Rl ( g

_ (5)" 2
r(12+ n) &~ (1+n kk' (4)

kzzo 22k+nk'r E+n+1)

1+n)=1+n)(2+n)...(k+n),

SO

F1+n)1+n)=Tk+n+1).
So, as in the method of Section 60,

d o0 22k+n2n—1

2 Fn) = Z 22’€+n*1k'1“(n+k)
2k+n 1

= Z 22k —1KIT (n + k)
2k:+n 1
= Z 22hnIKIT(k + (n— 1) + 1)

=2z" nfl( )s

or
2T (2) + 02" L (2) = 2" (2),
which is equivalent to
21,(2) = zI,—1(z) — nl,(2),
which is (1).
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Similarly,
> 2k

d z
5 7n]n - 5
el I s kzzo 92k+nkID(k + n + 1)
B i Z2k—1
- = P = DI+ 0+ 1)
00 L2k+1
B Z ¢ 2R HIEIT (R +n+ 1+ 1)

—n

=z n+1( )

and
27 (2) —nz " L (2) = 2T g (2),
or
2 (2) = nlp(2) + 2141 (2),
which is (2).
Adding (1) and (2):
2200 (2) = 2I,_1(2) + 2111(2)
or
215,(2) = In-1(2) + Iny1(2),
which is (3).
Equating the right sides of (1) and (2):
2I,-1(2) — nl,(2) = 2I,41(2) + nl,(2),
or
2nly(2) = 2[In-1(2) = Int1(2)],
which is (4).

Problem 15. Show that I,,(2) is one solution of the equation

2w + 2w’ — (22 + n?)w = 0.

Solution 15. (Solution by Leon Hall) Because I, is a oFy function times 2"

know from Section 46 that u = oF1(—;b;y) is a solution of

2
yw+bdg_u_0
dy?  dy

2
and so oF} <; 1+mn; Z) is a solution of

2

U du
d2+(2 —|—1)d——zu—0

Thus is w = z"u, I,(z) will be a solution of

2" = 2nz M n(n 4+ 1)z w4 (24 1) [z —nz T w] - 27w =

or
2w — (2n —2n — Dw’ — [-n(n+ 1)z 4+ n@n+1)27 + 2jw] =0

or

2w + 2w’ — (n? + 2%)w = 0.

, we
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Problem 16. Show that, for Re(n) >

2(12)" 5
F(%)%(Zf)l-i-é)/o sin®" ¢ cosh(z cos(¢))de.

1
2’
L,(z) =

Solution 16. (Solution by Leon Hall) For n not a negative integer,
I,(z) =i "Ju(iz),
and using the result of Problem [10,
2(Liz)n 37
L(2)=i"—2 " / sin®™ ¢ cosh(z cos ¢)dé.
L(3)T(n+3) Jo
The powers of i cancel, and because cos(iw) = coshw we get

2 1_\n %T{'
I.(z) = I‘(;)(I‘Q(,:L)Jr)/o sin®" ¢ cosh(z cos ¢)d¢

INIE

1
for Re(n) > —5 a8 desired.

Problem 17. For negative integral n define I,(z) = (=1)"1_,,(z), thus completing
the definition in Section 65. Show that I,,(—z) = (—=1)N1,(2) and that

%z(t—&—t‘l) - i In(z)t".]

n=—oo

exp

Solution 17. (Solution by Leon Hall) We have

SO Lzt = i (D)™ (" + D Ln(2)t"
n=-—oo n=—oo n=0
= (D) L ()T Y T (2)t"
n=0 n=0

Now proceed exactly as in the proof of Theorem 39, the only difference being that
2 2

I(2) involves o F (‘3 L+mn; 24) whereas Jy,(z) involves o Fy (—; 1+mn; —Z4>, to

get

- 1

Z I,(2)t" = exp [ZZ(t + t_l)] ,

Problem 18. Use the integral evaluated in Section 56 to show that

[ WA et o =2 (5).

Solution 18.

! n _ 1 L. \n x(z — )
/0[ x(t — )" Jn( x(t—l‘))dx—iwlr(l_’_n)/o x"(t—x)" o F1 14+ n: = | d=.
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Now use Theorem 37 with a = n+ 1,6 =n+1,p =0,q = 1,b =1+ n,c =
1][4
—lkzl,s:l. The result is

)

n+1,n+1;
t
1
[Vt —2)]" J.(Ve(t —x))de = n73(1+n71+n)t27l+1F
/0 2'T(1+n) 14 2n+2 2n+3
n .
) 2 b) 2 9
7 2
_ Ir'Ql+n)'(1+n) 2t s
2°T(1+n)T'(2 + 2n) 5 16
n+ -,
2
n+1 )
t 2
(14 n)T (n + Z) gnt1 <) tnta
r
- 3 ok _
L2+ 2n)T <n+ 2) 3
n+ 5;

TA+nT (2 4n
o))
222=1P(2)T (z + %
v
2120 (1 4+ n)T (g + n)
I

— 2n+1tn+%

By Legendre’s duplication formula, T'(2z) =

, we get

F(2 + Zn) =

Hence
t ontlynts /7 t
| Ve = T (5)
n a1
= 27"/mt +2Jn+% <2) .
Problem 19. By the method of Ezercise[18 show that

/01 V1 — zsin(ay/z)der = Tra” s (a),

~+

and, in general, that

1 . 92 c
[ ooy et v =1 (2) dida)
0
Solution 19. Consider )
/\/l—xsin(aﬁ)dx.
0

We know that

3 2
sinz = zoF} <; ok Z) .
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Hence

3 3 3
We now use Theorem 8 with t = 1, = 5,5 = i,p =0,q = 1,by = §,c =
a2
—Z,kzl,,s:(). We get
3.
1 33 2 a?
/ V1 —zsin(ayvz)dr = aB (,) “12F 4
0 2°2 4
33
3 3 2717
"(2)r () 2
=« 2 2 Jal
F(S) 041 )9y 4

Now let us turn to
! 11 (g g1 ‘ oz
/o (1—=z)* ez (a/x)de = m/o (1—2) 2" Py (—; 1+mn; —4> dx

and use Theorem 37 with « = n+ 1,8 =¢,p =0, = 1,0y =1+n,t =1,¢c =
2

—%,k =1,s =0. The result is

) n+1;

(% n aQ

—==—_B(n+1,0)F .

I'1+n) ( ) 4
l14+n,c+n+1;

1
/O(lfx)tflxt”Jn(a\/E)dx =

_ T+ (5)" . o
- I'(1+n) I‘(n+c+1)OF1 (—,c+n+1,—4>

=10 (5) " nrela),

as desired.

Problem 20. Show that

/0 exp|—2x(t — )] [o[22(t — z)]dx = /0 exp(—£%)dp.

t
Solution 20. Consider/ exp|—2z(t — x)][o[22(t — x)]dz. Now
0

exp[—2x(t — x)]I[22(t — x)] = exp[—2x(t — 2)]o F1[—; 1; 2%(1 — z)?].
In Kummer’s second formula we have
1F1(a; 2a;22) = e Fy (; 1+ 1; 22) )
2" 4
Use a = % and z = —2x(t — x) to get

exp[—2z(t — z)|Io[2z(t — x)] = 1 Fy <;, 1; —dax(t — :c)) .
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Then,

/ot exp[—2x(t — x)| Io[2z(t — x)]dx = /Ot Hh (; b —dalt - x)> o

to which we may apply Theorem 37 with o« = 1,8 =1,p=1,q = 1,a; =

l,e=—-4,k=1,s=1. We thus get

/Ot exp[—2x(t — )] Io[22(t — z)]de = B(1,1)tF

Problem 21. Show that

/Ot[x(t — )] % expldz(t — z)|dz = wexp (;ﬂ) Iy (2t

Solution 21.

/[x(t—x)]*%exp[4x(t—x)]dw:/ x*%(t—x)*%oFo(—;—;élxt—x
0 0

1 1
We use Theorem 37 with o = §,B:§,p:q:0,k:1,s:1,c:4
11
. 1 1 27 27
/ [z(t — x)] "7 exp[da(t — z)lde = B <> tOF
0 2°2
12
272
F(l 141 27 )

I
3
@
o}
=}



SOLUTIONS TO RAINVILLE’S “SPECIAL FUNCTIONS” (1960) 63

Problem 22. (Solution by Leon Hall) Obtain Neumann’s expansion

oo

Z\ "™ n+2k)(n+k—1)J,101(2
(5) :Z(+ )(+k! ) +k()’

n>1.
k=0

Solution 22. Let

F,.(z) = Z (n %)(Z!—i— k1) (%)% Tnyor(2).
k=

(=)

Then

e

|
3

Il
—~ N 7N

Trvar(2) = g (%)—" Jntak(2)
{ ok (2) — an+2k(Z)}

|:n‘]7/1+2k(z) +2kJ) op(2) —

—n

|
3

RN | N DN | W

N N—

n(n + 2k)
z

Jn+2k(z).

S

+
[\
&

Using (8), Section 60, and (1), Section 61, and simplifying gives

d% { @)7” Jnﬁk(z)} B r(i); (Fdnrok-1(2) = (n+ k) Jngori1(2)]

So
Fo(z) = (g)in L_o W%Hk—l@) - ];) (n_]:!k)!t]n-‘er-&-l(Z)']

Note that the k = 0 term in the first series is zero, and so shifting the index in the
first series yields the second series.
Thus, F)(z) = 0, making F,(z) = constant. From the structure of the Bessel

functions, we see that
zZ\""rnl rz\"
R = (3G =
0) 2 n! \2
and so F,(z) =1, from which Neumann’s expansion immediately follows.

Problem 23. (Solution by Leon Hall) Prove Theorem 39, page 113, by forming
1 1
the product of the series for exp (22t) and the series for exp (—2zt_1) .

Solution 23. Theorem 39 is: for t # 0 and for all finite z,

We know
z 2,
7t> = tm
P (2 nz::o onp)
and
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00 0
Now, in the product <Z ant"> ( Z bnt”>, the coefficient of t™, n > 0, is

n=0 n=-—oo

given by

(oo}
> anbi
k=0

and the coefficient of t™™, n > 0 is given by
o0
Z agbn g
k=0

Thus, in the product exp (gt) exp (—gt_l) , OT exp [g (t — %)} , the coefficient of
t" forn >0 is:

o n (71)]{)2](7 B oo ( 1)k 2k+n
kz_(:)<2k+nk+n)>( 2k k! ) Zm
— ( ),

and the coefficient of t™™, n > 0 is:

oo k _ 1\k+n Jk+n k 2k+n
2\ 251 ) \ ¥ (k)] 2 22k+nkv k+n)!
(=1)"J,(2)
J_n(2).

9. CHAPTER 7 SOLUTIONS

A

Problem 1. The function

2 £ 9
erf(x) = ﬁ/o exp(—t°)dt

was defined on page 36. Show that

erf(x) = %1F1 (1' 3;—952) .

Solution 1. Let

erforx=

2 /”” 9
exp(—t“)dt.

VT Jo

Then,
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s (=1)" th"dt
erfr = 2 Z/O

Problem 2. The incomplete Gamma function may be defined by the equation

v(a, x) = / et tdt, %(a) > 0.
0

Show that

V(o z) = o e Fy (o o+ 15 —x).

Solution 2. Let

x
¥(a, ) :/ et tdt; Re(a) > 0.
0

Then,

n=0
B s (_1)nxn+a
B nZ:O nl(a+n)
1
Now, (a+n) = alat1) Hence

0 —1)" n n
Y(a,z) = a ta” Z (n!()a (—f)l)f =a 'z 1 Fi(;a+1;—2).

n=0

Problem 3. Prove that
(b)k@ le™*1Fi(a;b;2)] = (=1)"(b— a)pe *1Fi(a;b + k; 2).
You may find it helpful to use Kummer’s formula, Theorem 42.

d
Solution 3. Let 7 = e Consider D[e~*1F1(a;b; 2)]. We know that
x

1F1(a;b;2) = €21 Fy(b — a; b; —2).

Hence
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D*le=*1F(a;b;2)] = 2F 1 Fi(b—a;b;—2)
_b—ak-1F

b—1+kb+k;—2)

o)
= 7(71) (b— a)keleFg(a; b+ k;z).
(0)
We used Z1Fi(a;b; z) = %1Fg(a + 1,0+ 1;2) k times.
Problem 4. Show that
Fi(a;b;z) = el Ry (= b .
1 1((1,1),2) F(CL) /0 e 0 1( ,b, Zt)dt

Solution 4. We know that

I'(z) :/ e """ 1dt, Re(z) > 0.
0

Then,
> (a 2"
1Fi(asbyz) =) (n,)(b)
n=0 n
1 iF(a—Fn)z”
I(a) == nl(b)n
1 /OO » S ta+n—1zn
= e e —— dt
Ty ¢ 2,
— 1 - —tra—1 b
= () /0 e t* o F(—; bytz)dt, Re(a) > 0.

Problem 5. Show, with the aid of the result in Ezercise[f that

° e T(a)z" 22
— )2l )dt = —————— 1 Fy | a; 1;,—=).
/0 e () (G = 1) 1(a’”+ ’ 4)

Solution 5. We obtain

') oo —t?12a—n—1 nn 242
t 2" z“t
A= —t2 t2a_n_1,]n t)dt = / —6 F -1 . dt.
/o exp(—t~) (2t) ; 27 T(1 + ) 041 i1 +mn;

Put t> = 3. Then

2" 1 [ 228
_ - —Bpa—1 . .
A 2"F(1+n)2/0 e "p OFl( i1+ ng; 1 )dﬂ
P I(a)

2,2
= F '1 P —_——
9 HD(1+n) 1 ' ‘(“’ o 4)’

as desired.

Problem 6. If k and n are non-negative integers, show that

F 1| =

Qa; (@)

—k,a+mn; 0 ik>n
(

0<k<n.
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Solution 6. Let V(k,n) = F(—k,a +n;a;1). Then

Hence

|
L[]
L[]~
o
/\/—\
N‘
;_n
~
+ v/‘\
\./j_
—~|®
Q +
;/

sl(«)
:etlﬂ(a+naaa t)
=cle " Fi(—n; a5 t)

_ i (=n)xt*
=0 k'(a)k
Thus

(—n)k
AR . < <

V(k‘,n) = () 0=k<n
0 ik >n.

note: this method requires material in chapter 7 (on line 5)

Can do by Chapter 4 if first show that e”*1Fy(—n; ;1) = 1 Fi(a+ n;a; —

10. CHAPTER 8 SOLUTIONS

]
Problem 1. From ety(xt) = Z on(x)t", show that
n=0
" oyk (1 — ) Roy(z
o) = SV 0) o)

and in particular that

Solution 1. Let

Then

67
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oo

el (zyt) = Z on(zy)t"
n=0
and
ey(ayt) = 3 o (@)y .
n=0
But
e'p(ayt) = eV eV (ayt)
so that
mewn=< “j?w>@3mmmﬂ
n=0 n=>0 ' n=0
e =y Yo,
o ;];) (n—k)! e
Hence
Y=y o)

1
For y = =, we obtain

Problem 2. Consider the set (called Appell polynomials) oy, (x) generated by

et A(t) = Z ap (2)t".
n=0

Show that afy(z) = 0, and that forn > 1, o), (x) = ap—1(x).

Solution 2. Consider a,(z) defined by

(A) e A(t) =Y am(a)t".
n=0

From (A) we obtain

te" A(t) =Y af, (x)t"
n=0

Hence

[e'S) 9]
S an@rt =Y al (@),
n=0

n=0
or
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e’} e’}
E Oén,1 E CV
n=0

Therefore, o (x) =0, (md forn>1, o () = ap_1(z).

Problem 3. Apply Theorem 50, page 141, to the polynomials o, (x) of Section 738
and thus obtain Theorem 45.

Solution 3. We have

wt) =Y on(a)t
=0

and wish to apply Theorem 50, page 239. In the notation of Theorem 50 we have

A(t)etv H(t) =t,¢(t) = Z Ynt"; Y0 # 0.

n=0
N 1
Now A(t) = et = —, n=—H({t)=t,s0hg=1h, =0 > 1.
ow A(t) =e nzzjon! so a - (t) s0 hg forn >
Then also
tA'(t) te >
= =t= Wt
A e
so that g = 1,0, = 0 forn > 1.
Furthermore,
tH'(t)  t-1 >
= " =1=1 AR
HE) o 2.8

n=0
so that B, =0 for n > 0. Hence by Theorem 50,

zo, () —nop(x) = —1-04-1-0(x) = —0p_1(x),
which is Theorem 45, page 224.

Problem 4. The polynomials o, (x) of Exercise@ and Section 73 are defined by

(4) elyp(xt) = Z on(2)t",
n=0

but by equation (9), page 134, they also satisfy

B a-oer() - S (@non@)

1-t =

for a certain function F. By applying Theorem 50, page 141, to (B), conclude
that the o, (x) of (A) satisfy the relation

for arbitrary c.
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Solution 4. For the o,(z) of Exercise[d above, we know that

B a-er ()= S (@),

n=0
where
F(u) = Z(C)rﬂ’nun
n=0

oo
in terms of Y(u) = Z V™.
n=0

We now use Theorem 50 on the polynomials fr(x) = (¢)non(x) of (B).
Here

At) = (1 1), H(t) = 7
1—1t
Then
log A(t) = —clog(1 —t),
1 1
H(it)=-14+—H'(t)=
Aty ¢
Aty  1-t
tH' () t 1t 1 >
HE)  (Q—0° ¢ 1-t +;t
Hence
tA'(t) =
= ct™ so ay = ¢ forn > 0;
A~ 2
tH'(t) =
=1+ t" so0 B, =1 forn > 0.
i 2

Thus Theorem 50 yields

2(€)n0'y (1)1 (@) = — 3 A1 kOmo1 -k () =2 3 1-(Dno1-4Tp1_p(2),
k=0 k=0

or, with reversal of order of summation,

n—1
()nlzoy,(z) = nou(2)] = = Y (e)xlcon(x) + zoy(z)].
k=0
Problem 5. Apply Theorem 50, page 141, to the polynomials y,(x) defined by (1),

page 185. You do not, of course, get Theorem 47, since that theorem depended upon
the specific character of the exponential.
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Solution 5. On page 228 we find

A(t) exp (l_ftt) = gyn(w)t

In the notation of Theorem 50 we have

t 1

A(t)—A(t),H(t)——l_t— 1
from which

1 tH'(b) —t 11—t 1

H/ I [ . = = 1 n.
O=—a—9rmy ~ G- =t 1t +;t
50
tA/ Zanthrl

and

tH/ =1+ Zt"“

so that B, =1 for n > 0.
Therefore, we may conclude that there exist constants o, such that

2y (2) — nyn (@ Zakynlk —le Yn—1-k(z

Problem 6. Apply Theorem 50 to the Laguerre polynomzals through the genrating
relation 914), page 135, to get

n—1
eDL® (z) = nL{® (2) = = Y _[(1+ a) L\ (z) + 2DLM (2) = 0
k=0

for the Laguerre polynomials.

Solution 6. From page 228 we have

(1—t)"exp (1 - t) Z.ﬂa

We may therefore use Theorem 50 with

Alt)=(1—t) 1"

log A(t) = —(1+ ) log(1 — ),
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tA'(t)  (1+a)t >

= =(1 il
A(t) 1—t (1+e) HZ:O ’
tH'(t) t 1t 1 > kad
= - = =1 =1 "t
HE) (=02 —t 1-t +; +;

Hence

a, =14+ a,n > 0;

Therefore we obtain
n—1 n—1
2L (@) =L (@) = —(1+a) > L (@) —2 > 24, ()
k=0 k=0
or
n—1
(A) 22.ZL (2) —nZ(2) = = S [(1+ )L (2) + 222 (2)).
k=0
On page 230 we had
n—1
B) 24 =-Y L)
k=0

Using (B) with (A) we obtain

2L (x) —nZ D (z) = (14 )22 () + 2D° L) (),

or

[P+ (1+a—2)2 + n]fé“) (x) =0,
as desired.

Problem 7. The Humbert polynomials h,(x) are defined by

(1= 3t +15)77 =Y hp(a)t".
n=0
Use Theorem 52, page 144, to conclude that

xh! () — nhy(x) = hl,_,(x).
Solution 7. For h,(z) we have
v;

(1=3at+17) 7" = ho(a)t" = 1F 3wt — 3
n=0

b

In the notation of Theorem 52 we have



SOLUTIONS TO RAINVILLE’S “SPECIAL FUNCTIONS” (1960)

Aty =1,H(t) =3t,g(t) = 3, 9(t) = (1 —t)7".
Then

tA'(t) tH'(t) 3t tg'(t) 15(—:3152)__t2

A(t) ~ CH() 3t CH() 3t

Hence
a,=0n>=0;6,=0,n>0;61 =-1,0, =0 forn=0,n > 2.
Therefore Theorem 52 yields

2hl, () = nh () = W, _(2).

Problem 8. For the y,(x) of Section 74 show that

—at
F =A@
e (1)
satisfies the equation

Tor ot at A(D)

and draw what conclusions you can about y,(x).

_ /
OF OF _ ,0F (1-htA'(t) .

. o —at _ - n
Solution 8. Let F' = A(t)exp (1 — t) = nEZO Yn(z)t".
Then
oF t —at
o - 1o Aew <1—t>

%1; - A e (;fi) + A'(t) exp (fftt) .

Thus we obtain

OF oF
or
oF oF _ 5, OF tA'(t)
Now let
A
AlD) —nz:%oznt

Then

73
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Z[xy;( ) — nyn(x = - Z Y (z)ct™ Tt — <Z ant”H) (Z yn(x)t”> + (Z ant”+2> (Z yn(x)t">
n=0

n=0 n 1 n=0 n=0
= Z RETEAND 9) SINITAETILES 3) SYNITRE T
n=0 k=0 n=0 k=0
oo n—1 oo n—2
**Z nfl yn 1 Zzan 1— kyk )tn+zzan*2*kyk($)t
1 k= n=2 k=0
Hence we get yj(z) = 0,2y} (z) —y1(z) = —aoyo( ), and forn > 2,
n—2
.’Ey;(.’b) - nyn(l') = —(TL - ]-)yan(x) - Z(anflfk - an,27k)yk(1') - aoynfl(x)'
k=0

We may also write

OF oF  OF o)

or

OF OF _ at OF tA()
Tor ot T 1-tox  A@)
from which it follows that

> lay(z) — nyn(@)y" = —a (Z t”“) <Z yil(w)t") - (Z amﬁ”“) (Z yn(w)t”>
=0 n=0

n=0 n=0 n=0
D) IIETED $) SYSTAIID
n=0 k=0 n=0 k=0
Hence, forn > 1,
n—1
2y, () — nyn(x) = = Y _[2y;(x) + a1 kyr()].
k=0

Problem 9. For polynomials a,(x) defined by

(1—1)°A (;ftt) . Tia”(x)t

obtain what results you can parallel to those of Theorem 48, page 137.
Solution 9. Let a,(x) be defined by

(1) (1—t)° (1t) Zan ).

Let

(2) A(w) = apu”

n=0
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Put
—xt
F=(1-t"°A .
(-t (725
Then
oF
- - _ 1 _ —C—lA/
5y = -1
%—JZ =c(l—t)“tA—z(1 —t) 24"
Hence
oF OF
From which we may write
oF OF 5, OF
From (3) we obtain
Z[ma;(x) —na, ()" = —CZ ap (z)t" T Z ngn (x)t"
n=0 c7>Lo:O n=0
= =S e+ n—1gar (@)t
n=1

Therefore, aj(x) =0 and for n > 2,

za, (z) — nap(x) = —(c+n —1)an_1(z).

We may rewrite equation (3) in the form

oF oF oF

This leads to the identity

oF or ct 7 xt OF

Tor ot T 1-t 1-tox
from which we get

Z[xa;(ay) —na, ()" = —c (Z t"“) <Z an(m)t"> —x (Z tnH

n=0 n=0 n=0
o0 n o0 n
=—¢ Z Z ap(x)t" ™t — gz Z Z aj,(z)t"+
n=0 k=0 k=0 k=0
oo n—1
=— Z Z[cak(x) + zaj,(x)|t".
n=0 k=0

Hence we obtain the relation

75

J ()
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n—1

za, (z) — na,(x) = — Z[cak(x) + zaj(x)].

k=0

t
In (1), let us putv=———. Thent = — and 1 —t = .
1-t¢ 1-1¢ 1—-wv

Hence (1) becomes

or

—1)"a,(x) (C)n+kvn+k

El(c)n
e @On(=1)" ey g (2)
=2 k() nr Y

which can be put in various other forms.
Nezxt, from (1) we get

0 an(=1)"2™ () pnt™
=2 (€)nk! =
(_1)n—kxn—kan7k(0)ntn

kl(c)n_k

or

Therefore,

11. CHAPTER 9 SOLUTIONS

]
No problems in Chapter 9.
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12. CHAPTER 10 SOLUTIONS

[

Problem 1. Start with the defining relation for P,(x) at the beginning of this
chapter. Use the fact that

m»-A
—
I
I

(1—22t+t3)77 =[1— (z + Va2

and thus derive the result

22 — 1)t 2

N (Dr(Gn-k(@+ V2 =) F (@ = Va2 - 1)
Pa@) =) : Kl(n — k)!

k=0

Solution 1. We know that

(1—2xt+¢3)"2 = ZP,L

Now

[1—(z+ Va2 = D)1 — (x — Va2 — Dt] = (1 —xt)? — (22 — 1)t? =1 — 2ut + 2.

Hence
ZP == (z+ Va2 =Dt 2[1 — (z — Va? — 1)i] 2
S N R VA W R N O N G i V
=<2 ) (S
g (B3 £ Vo D) — VAP
_'r;)kz:() kl(n —k)!

Hence we obtain

=3 BelBaklo+ VDKo = VP

= kl(n —k)!

Problem 2. Use the result in Exercise[dl to show that

1
.
1 5 n a27
+ v 1
Po(z) = (Gnle ,x ) 2 F1 (z — Va2 —1)?
g

Solution 2. From Exercise we get, since x + Va2 — 1= (x — 22— 1)1,
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Pty = 3o DRt VI e - T T
" Pt klnl(1— 1 —n)y
—n 1~
1 3 )" 757
= (2)n(m+ v ) 2F1 (.77_ I2—1)2
-
2
Problem 3. In Section 93, equation (4), page 166, is
1 1 " 1
—5n, =N+ o
1) (pym 2™ " T
Pn(l’): (2)7;('93) 2F1 J—
n! T
L
2 b

We know from Section 34 that the oFy equation has two linearly independent
solution:
2Fi(a, b c; 2)
and

27Fla+1—c,b+1—¢2—c2).
Combine these facts to conclude that the differential equation

(1—t2)y" =2ty +n(n+1)y=0
has the two linearly independent solutions y1 = Pn(t) and y2 = Qn(t), where
Qn(t) is as given in equation (4) of Section 102.

Solution 3. We know that

n —n— 1
Ly (2z)" 2’ 2
Pn(x) — (2) ( ) 2F1 - ,
n! .1:2
1
=y
2
from which w = 7" P,(x) is a solution of the oF differential equation with
n n—1 1 9
a=——,b=— ,C==——n,z2=1 ".
2 2

Then consider

(- S F—n—<3—n>z]‘h“—ww=o

dz? 2 2 dz

dz dz 1
dput z =272, Then, — = —2273, 22 = __z3
and put z = en, e T T 2337

dw drdw 1 sdw

dz dzdz 2 da
2
sd*w gxg (1:1:3) dw _ }xewu n §x5w1.

1
— 1% dz 2¥ ) dx 14 1

o
dz?
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The equation in w and x becomes

1 3 1 1 3 -1
x_2(1—1:_2)133610”—1—1955:6_2(1—33_2)11/—5:53 [ —n- ( - n) SL‘_2:| w’—mw =0,

or

2?(2? — Dw” + 3z(2? — D’ — z[(1 — 2n)2* — (3 — 2n)jw’ —n(n — w = 0,

or
22(z? — Dw” + 2[(2 + 2n)z? — 2nJw’ —n(n — Dw = 0.
Now put
w=ax" "y
w' = x—ny/ _ Tl.lf_n_ly
w! = x—ny// _ anfnfly/ + n(n + 1)17771721]
or

z"w =1y
L y/ _ nxfly
2! = y// o 2nx71y1 + TL(TL + 1).%721/

and the differential equation becomes

2 (2®—1)y" —2nx (2 1)y +n(n+1)(2® —1)y+z[(2+2n)x? —2n]y’ —n[(2+2n)2* —2n)y—n(n—1)y = 0,

or

22(2% — Dy" + 2[22%)y + [n(n+ Da?(1 - 2) —n? —n+2n> —n? +nly =0,
or
(1) (1—2*)y" =2y +n(n+ 1)y =0.

Since the differential equation for w has the two linearly independent solutions
wy =x "Py(x) and

n 1 n—1 1 14n 2+n
-+ttt ——F—+ - +n ) ;
—lin 2 2 2 2 o 2 2 L
we =2 27" z | == o F x
3+ 3+
24 I
2 ’ 2 ’

Then the differential equation (1) for y has the linearly independent solutions
y1 = Pp(x) and

1+n 2+n.
2 7 27
—1-n 1
Y2 =1 2 - |
3 x
§+7’L;

which is a constant multiple of Q,(x) as given on page 314.
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Note that the whole thing could have been done much more simply by using the
properties of the Riemann P-symbol.

Problem 4. Show that

i[xP,’L(m) — Py (2)]t" = t3(1 — 2xt + %)~

n=0

3
2

and
~ [%5] ,
>N (@0 — 4k + 1) Py _op(2)t" = (1 — 2at + %) 2.
n=0 k=0

Thus conclude that

[252)
P! (z) — nP,(z) = Z (2n — 4k — 3) Py _o_ok(T)
k=0
Solution 4. We know that
. o
(1= 2at+t%)72 =) Py(a)t".
n=0
Put
F=(1-2xt+t>)"2.
Then
F
?Tx =t(1— 22t +1%)"3
and
F
%t =(z—t)(1 -2zt +t3) 2.
Hence
oF oF o\ _3
ot =212
o tat t*( xt+t7)7 2,
from which it follows that
(1) > [aP)(x) — nP(x)]t" = (1 — 2xt +1%) 75,
n=0
Next we form the series
oo (5] oo
SN @n—dk+ )Py _gp(@)t" = > (2n+ )P, (x)t" "
n=0 k=0 n,k=0
=1 =)0 20+ 1) P, ()t
n=0

By equation (5), page 271, we get
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(20 + D)Pu(@) = Py (@) — Py_y(2),n > 1.

Hence

[

3

]
(2n — 4k + 1) Py o (z)t" = (1 —1t*)~
0

1+Z n+1 Z n— 1 ]
1+ZP’ i ZP’ t"“].

M8

0k

n

=(1-t%)~

Now P{(z) =1 and Pj(z) = 0. Hence we have

(5]

(2n — 4k 4+ 1) Pp_gp(2)t" = (1 —2)~ Z P! (z)t" 1 Z P! (x th]

gt

[}

k=

B . [Tor orF
== [t ox tax]
10F
tOx
= (1—2at+t2)"2
Now we use (1) to conclude that
oo oo [5]
Z 2P (z) — nP,( Z (2n — 4k + 1) Py, _op (x)t" T2
n=0 n=0 0
oo [%52]
=3 (2n— 4k —3)Pygok(a)t".
n=2 k=0
Hence, forn > 2,
[32]
2P} (x) = nPy(x) = Y (2n— 4k — 3)Py_p_op(2).
k=0

There are many other methods of obtaining this result.

Problem 5. Use Bateman’s generating function (3), page 163, with x = 0,t = 2y
to conclude that

1 1
oFi(=ty)oFi(—1;—y) = oF} (—; 1,1, 5 —4y2> :

Solution 5. We have, from Bateman,

R (_; T t(a:Q— 1)) B (_; T t(m;— 1)) _ i PT(LT(LT;)2tn'

Use x = 0,t = 2y to obtain

o1 (=1 —y)oFi(— Ly) =
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(=D*(5)k
k!

(SIS

now Pag+1(0) =0 and Py (0) = . Therefore

X 92k(_1\k(1 2k
oF1 (=1 —y)oF1(—;1;y) 222 (k'[l()%()?']):y
B = (—1)k22k (1), y2*
Zk]QQkkl( )kQQkk'( )
1)ky2k

_Z2Zk k)3

1 1
= oFa | —:1.1. 2 —=2q2
03( 3 Ly 727 4y>7

Problem 6. Use Brafman’s generating function, page 168, to conclude that

as desired.

c,1—c¢
c,1—g¢; ’ ’ —
b bl _ 2
QFl l—t—\/1+t2 2F1 %
2 1;
1 11 1 1
—c,—c+-,-—=¢,1—=¢
22 2°2 2 2
= 4F3 —t?
1
1313 57
2
Solution 6. Brafman’s generating relation, page 287, is
c,1—c; c,1—c; ()
1—t—p 1+t—p 1fcnpn
2 F1 — 2 F1 — Z ;
L L
with p = (1 — 2at + t2)2. We use x = 0. Note that Pan41(0) = 0 and Py, (0) =
—_1)n (L n
EV"@n e
n!
c,1—c¢ 6l—¢ oo 1y 42
1—t— Vit L+t—p | = (0201 = c)an(=1)"(5)nt™
2 — = A — | =X EDIE
5 2 — ni{(2n)!]
_ > (%)n(%)n(%)n(%)n(_l)nt%
oy nIn!(3),n!
cctl 1—c 2—c
2702 7 27 27 )
= 4F3 . —t
1717 59
2
as desired.

Problem 7. Use equation (5), page 168, to obtain the results
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n

sin™ BP, (sin B) = Y _(=1)*Ch x cos® (8) Py (cos B),

k=0

Z nk2$nkpk()

k=0

n

Po(1—22%) = (=22)"Cp 1 Pi(a).

k=0

Solution 7. We are given

(1) Pulcosa) = (““)z_jc {n(ﬁa)} Pe(cos ).

sin 8 sin av

First use o = 8 —
Thus (1) leads to

T
. Then cos a = sin B, sin @ = — cos B, sin(5 — «) = 1.

P, (sin §)

COSB n n—k
< sin,8> kz { cosﬁ} Pi(cos B),

or

n

(2) (sin 8)" P, (sin ) = Z C .1, cos® BP;(cos B).

k=0
Next let us use § = —a in (1). We thus obtain

. n n . n—k
sin o —2sinacos o
P,(cosa) = (sina) ZC [sma} Py (cos o)
n - n k n—~k
Z Ch k(2 cosa)” " Py(cos a)
L k=0
= Z Crr(2cosa)" ¥ Py(cos ).

With cos o = x we get

(3)

nk 2.’[7” kPk( )

TTM3

Finally put o = 28 in (1). The result is

. n n . n—k
P, (cos(2p)) = (MW) ZC"”“ [—smﬁ] Py.(cos B),

sin 3 = 2sin 3 cos 8

or
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P,(cos2B) = (2cosf ”Z )R C k(2 cos B)F " Py (cos B)
k=0

= Z )" R C, k(2 cos B)F Py (cos B).
Put cos § = x. Then cos(26) =2cos?(B) — 1 =222 -1 and

P,(22% — 1) = (=1)"P,(1 — 22?).
Hence we have

n

(4) Po(1—22%) =) (—=1)*Cp 1 (22)" Py ().

k=0

Problem 8. Use the technique of Section 96 to derive other generating function
relations for P,(x). For instance, obtain the results

D 1Fa(=n; 1, Ly P(a)t”
n=0

_ —yt(x —t—p) —yt(z —t+p)
=p 1L\ F LA ) F _—
P ol 2,7 0’1 2,7
1 1;
in which p = (1 — 2zt + t2)2, and
> aFi(=n,c;1;y) Po(a)t”
n=0
1
50’ —c+ =3
_ p2c71(p2 + ayt — yt2)*C2Fl y2t2($2 _ 1)
(p* +zyt — yt?)
Also sum the series
Z 3F2(_n7 c, 1- (6% ]-7 ]-; y)Pn(‘r)tn
n=0
Solution 8. We start with
—n—1 T =1\ _x~ (0 R) Py (@)tt 2\1
(1) p Pn( " )—Z jEmy p=(1—2at+ %)z,

In the generating relation
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—yt (T —1 —yt [ —1 = (=Dt 1P( Ly"t"
1o (=1, 228 1)) oF (=1, 22 1)) =
P “of1 ( y 4y 2p ( P >> 04’1 y Ly 2p p + Z )2

n=0
_ i (n+ k)'PM( Yyt
o | |
Ry k! n'(n )2
- 3
n=0 k=0 k)']
= Z T @
n=0 k—O
or
—yt(r —t—p) (x—t+p Bk
—1 1. n
o (T o () S [

) )

Next let us apply the same process to the known generating relation

c C+1.

20 2 5
(1ot aF, £ —1) | 23 OB,
(1 _ It)2 =0 n:

1.

3

-1 -yt
We replace x by L, t by % and note that (1 — xt) becomes
p p

yt(r — 1)
p2

1+ = p2[p* + xyt — yt?

while t2(z? — 1) becomes

242 ¢ 2 242 242042 1
L (x > Y I S PR SRS SR B e )}

p? P pt p*
We thus obtain

(1) ()up™" " P55y "

n!

P P + ayt — yt?] 7 Fy 2222 — 1) -
(p? + ayt — yt?)?

(=)™ ()n(n + k) Po(@)y"t"

knln!
n,k=0
B i i: —1)" k() p_pn! Py (x)y" Rt
= — 12
n=0 k:O k'[( k)l
i y k“' kP ()t
N2(n —k)!

We have thus obtained
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¢ etl —n,c;
pQCfl[szrxytfytz]*CgFl 2 2 y2t2(x2 _ 1) — Z 2F1 Yy Pn(x)t".
P +ayt—yt?? | "7 b
Finally let us sum the series
. & (= DRnle)r(1 = &) P (a)yFtm
Fy(—n,c,1 — ¢ 1, 1;y)P(x)t" =
342 s Oy s Ly Ly n
2 22
o (EDF A+ R)YOR( = )Py (a)yFer T
o Ryt (k)3n!
_ f: i (n + k) Py (@)t (=1)*(c)x(1 = o)i(yt)"
o In! 12
== kln! (k")
With the aid of (1) we get
oo
Z 3F2(—’(l7 C, 1- [ la 17 y)Pn(I)tn
n=0
B i PR (D) (0)k(1 = )x(yt)*
- 2
h=0 (k) t t\k
B TR T il
(k1)
k=0 _
c,1—g
_ ut_ | (2—)t | y242 ¢l—c
=p 12F1 % 142 pZ g2 o1 1—%_% VP2 +2yt(z—t)+y2t?
1 ’ ?
=c,l—c; c,1l—g
—p LA pryt—y/1—2zt(1—y)+(1—y)2¢> o F p—yt—y/1-2zt(1—y)+2(1—y)?
2p 2
1; 1;

Problem 9. With p = (1 — 2at + 1)z, show that

1—at 2
()
P k=0

Solution 9. Consider

(—1)kC,, xt" Py ().
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> 1—uat

n — n T 1
> an(>y =[1 -2 yp +y°p?]
n=0 p
1

[1—2y(1 — xt) + y2p? 2 )
=[1 -2y + 2zyt + ¢ f2a:y2t+y2t2]’5
[(1-y)? +2xyt(1— y) + 2%z
=(1- -

y) M= 22(725) + (£4)°] 5

0 kP ktk
:Z - ki—l

=0

> ( )kP.( Y(n 4 k)lthyntk
:néo = nlk! ’

- (1P (2)n!tky™
:ZZ( )k!(nk(k)! ’

3
Il
=}
ol
S
<

(=D)kCy 1 Pr(z)thy™.

M

3
I
=
£
Il
o

It follows that

1—axt -
PP, ( ) > (1) C it* P(x)

k=

o

as desired.

Problem 10. With the aid of the result in Example 7 pg. 31, show that

1 —n,n+1,05;
/ (14+2z)*711 - x)B_an(x)dac = 2“+ﬂ_1B(a7B)3F2 1
! Lo+ B

Investigate the three special cases a =1, =1, a+ =n+1.

Solution 10. We know that

1 _
P,(z) = o Fy (—n,n +1;1; 211) .

Then

/_1 (142)* H(1=2)P "1 P, (z)dx = /1 (142)*H(1—z)P 2": (=n)k(n+ (1 —2)*

1 . 2 2% (k)2

But, by Ex.7, page ? we have

! _ _ _ 20HAHE=IT (a)T(B + k)
a—1 B+k—1 a+pB+k—1
[1(1+x) (1 —2)P T dy = 209PHF=1B(a, B+ k) = Tat3+h) :

Hence
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L . N ()l £ D22 ID(@)D(B + )
[1(1+x) (1= 2)’ P, (2)dx —;) 28(KN2P (o + B+ k)
_ 22T ()P (8) Z (=n)k(n + Di(B)x
Ma+8) 2 ®)P@+8r
Therefore
1 —n,n+1,5;
(A) / (14+2)* (1—2)P 7' Py (2)dx = 2°TP71 B(a, B)3 F2 [
-1 1,a+ 5;

Let use choose o =1 in (A). We get

1 . 2T, [ T
/_1(1_33)6 Pn(x)dx—l“(@mF[ L1+5; g

We now turn to Theorem 30 with a =1,b=1— (3. To see that

-n,1+mn,S;
F[ 1](1/3>n

Thus we get
1D (e = L =B 2= B
I O b e i ey

Next choose B =1 in equation (A). We thus get

. _pellr@y [ by
[1(1+x) LRy (x)dr =2 F(a+1)F[ 1a+1; 1

— 1:
20( n7n+ )
1

I
J
y

a+1;
2¢ INC RN RIN Y

a F(lan(ll j—g)):(a —n)

)
a(l +a),
(=D"2%(1 = &)
(a)n+1
Finally, we choose a« + 3 =n+1 in (A) and oblain

—n,n+1,n+1—q

ety e _ L@ (n+1-a)
[1(1+x) (1=2)" " Po(2)de = 2" ——F05 F[ Ln+1;

Hence
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1+2)* (1 —2)""*P,(2)dz = ' o 1
1 n! 1;
2T —a)(1—a), (1)1 +1—-a—1),

in which we used Ex.5, page 119. Therefore we have

/1 2"T(a)I(1 — a)(1 — a), —nn+1—a;

| A2 T A a) T Pae)de = sin(ra)(n!)2

/1 (=D 2"7(1— a)u(l — )

Problem 11. Obtain from equation (5), page 168, the result

. 1+ . n
(1+z>2Pn< ;) =278 ) CopPi(2)
k=0

and use it to evaluate the integral

/_11(1 +z)2P, ( 1—533) P (z)dx.

Solution 11. We put 8 = 2« and cos 8 = x in the known relation

(1) Pulcosa) = (Sm“)né% [W;a)]n_kmcow)

sin 3 sin
to get
B) 1 V'L
P, |cos= | = Ch.aPy(cos3),
( 2 2008(%) kz::o abPi(cos )
or
n 1+ _n -
(2) [1+z]2P, ( 5 > =275 ) CpPil(x).
k=0
Then
! n 14+ n — !
B:/ (1+a)ir, (1 pm(x)dxzrfz()mk/ Py(2) Pon(2)d.
-1 k=0 -1
If n <m, then k <m and B =0. If n > m,
= (—1)F(— i
B oty CDCG
k=0 K5k
-n, 53
=2l-3,F -1
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Problem 12. Fvaluate

1 1
1
/ x"Pn,gk(x)dx:f/ " Pp_op(x)dz,
0 2/

and check your result by means of Theorem 65, page 181. Thus show that

n!

1
2" Pp_op(x)dr = —————
/0 ? 27k1(2), i,

and, equivalently, that

/1 PP (e — (2O
0 2n+2kk!(%)n+k

Solution 12. Consider
1 1 /1
A:/ " Py_op(z)dx = 7/ " Py _op(z)dx.
0 2/
We have

. —n + 2k,n — 2k + 1;
n 1—x
A= X 2F1 5 dz
0
1.

)

and we apply Theorem 37 with « = n+ 1, = 1,t = 1,p = 2,q = l,a; =
1
—n+2k,a2:n—2k+1,b1:1,c:§,k=Os:1. The result is

—n+2k,n—2k+1,1;

1
/ z"Pn — 2k(z)dr = B(n+1,1)F %
0 1,n+2
By Example 3, page 39
a,l —a;

1 21=<I'(¢)['(3)

217 5 | T pretaypre=atiy

- 2 ()T (=5)

which we use with a = —n+2k,1 —a=1+n—2k,c=n+ 2. Then

! L(n+ 1DI(1) 27" ' T(n + 2)T(3)
2" Pp_op(x)dr = — 2
[) n—2 F(n+2) F(2k2+2)1-1(2n §k+3)
TG
2 kT(n—k+3)
n!
N an!(%)n—k.
Recall that we found in Theorem 65 that

(SR

o nl ki (2n +4s+ 1)P,_as(2)
" =— 3 .

" s=0 S!(2)n_5
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We may then write

. 1
1
/ x" Py o (2)dz :5/ z" Py_op(z)dx
0 i
ot F@n s+ 1) [ Puogi(@) Paas(@)de
2n+1 pore 5'(%)n—s

Only the term with s = k remains. We get

1 !
n! 2n—4k+1 2 n!
"P,_ dx = ; = g .
/0 " Prap(@)de = 5 K(Z), r 2n—4k+1  20k1(3), 4
Thus a check on the earlier result.
A simple change from n to (n + 2k) yields

/1 xn+2k:P (l,)dx _ (n + 2k)' )
o M e

Problem 13. Use the formula (5), page 104, to obtain the result

/t a"(1—z)"dx ('t nQ 1
o (I—a2)ntl 1\ 2 "\t)’
where Q,(t) is the function given in (4), page 182.
Solution 13. Consider
1 t
xn(t B x)n n n L2
B1 :/0 mdx:/o x (t_l') 1F0(n+].,_,x )dx

We may use Theorem 37 witha=n+1,6=n+1,p=1,g=0,a1 =n+1,c=
1,k=2,5s=0 to get

n+1 n+2
n+1, 5 Ty
By =B(n+1,n+1)*"1F 2|,
2n+2 2n+3
2 7 2 7
or
n+1 n—|—2.
t . n n ) )
/ x"(t — x) dx :I‘(nJrl)I‘(nJrl)thHF 2 2 2
o (1 —a2)ntl I'(2n + 2) 3
n—|—§;

- (n!)2t2”+1 2n(%)n+1(%)n 1
 (2n+1)! n! @n (t) ’

in terms of the 1, (t) of page 182. We thus obtain, since n!22"(3), = (2n +1)!,

it (5) @ (3).
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Problem 14. Show that

Solution 14. We know that

Po(z) = oFy (—mn +1:1; 1;$> _ 2”: (—1)’@(.71 + k)!(%)k.

Reversing the order of the terms, we get

" (DR En - R
Puw) =" R[(n — k)12

k=0
B <x - 1>n - (2n)'(*n)k(*n)k(1zx)k
2 — (—2n)ik!(n!)?
) -n, —mn;
on(l —1)"
2= 2
n! 1—=x
—2n;
Problem 15. Show that
1 —_n, —n,;
on(l n 1"
n! 1+2x
—2n;

Solution 15. Since P, (z) = (—1)"P,(—x), it follows from the result in Ezercise[I}]
that

n! 1+2x

Problem 16. Show that for |t| sufficiently small

i@” + DPu(@)t" = (1= 1*)(1 — 2t +17)72.

n=0
Solution 16. From

(1—2zt+¢%)72 =Y Py(a)t"
n=0

we obtain

o0
t(1—2ut® + )72 = > P ()2t
n=0

We then differentiate both members with respect to t to get
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Yo @n+ D)Pu(@)" = (1= 208 + 1) 7% + ¢(20t — 26°)(1 — 208> +4*) 72,

n=0

Now replace t by t%:

[e.¢]
Y @ntDPu@)t" = (122t + )77 +#(2x — 2)(1 - 2t + ¢°) 73
n=0 ‘
= (1— 2t +2) 73 (1 — 2t + > + 2at — 2t?)
= (1—2)(1 - 2at +12)73
as desired.

1
Problem 17. Use Theorem 48, page 137, with ¢ = 1,x replaced by 5(1 —x) and
(3)n
n!

Tn =

(1_$ _2nn;2i 2k+1)Pk()

0 — k)l (n+k+1)"

Solution 17. We know the generating relation

oo
S Pyt =(1-2xt+t?)s
n=0
=[1—#)?—2t(x—1)]2
1
20(x—1)] 2
=(1-t)"t|1-=—"—1
a-o [1- 552
1 2t(x — 1)
=(1-t)y WKz -2,
( ) 10(27 7(1t)2>
In the above, put x =1 — 2v to get
1
2’ o
(1=t F At =N P - 20
(1-1)2 n=0

)

(%)

We may now use Theorem 48 with v, = and ¢ = 1. This yields

o 22n % zn: Qk =+ ].)Pk(]. — 2'0)
2n 1 ’
227 (1) Pt Vin+k+ 1)
or
” 2k + 1) Py ()
1- 1?2
(1-2) (n) Z k Wn+k+ 1)

0
as desired.
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Problem 18. Use Theorem 48, page 137, to show that

(1 —2) P () + nPy(x) —nPn 1(x) — (l—x)P i( x)
:Zpk ) =21 —2)Y  Pi(x)
1 k=0
= (=D)L + 2k) Py ().
k=0

Solution 18. Using the transformation in Exercise[I7 above we obtain

d d
’U%Pn(l —20) —=nP,(1-2v) = —nP?_l(l —20) — ’U%Pn_l(l — 20)
n— d
== [Pu(1—2v)+ 2v—-Pi(1 = 20)]
k=0

|
—

n

=) (=1)" 2k + 1) Py(1 — 20).

>
Il
o

d d
Since x = 1 — 2v, we know that e —(1—xz)= d
) dv dx’

Hence the above relations become

(1 = 2)P(x) + nPp(z) = nPpa(z) — (1 = 2) P, (2),

(1 —2)P,(z) + nPy(z) = ) [Pre(x) = 2(1 — z) P ()],
k=0
n—1

(1 — 2)P.(x) + nPy( Z )V (2K 4 1) Py ().

Problem 19. Use Rodrigues’ formula, page 162, and successive integrations by
parts to derive the orthogonality property for P,(x) and to show that

1 ) 2
P2(z)dx = .
/1 () dx 1

Solution 19. We know P,(z) =
Then

D (z* —1)".

Q”n'

/Pn(:c)Pm(m)dx _ ! /[@"(mQ—l)"]Pm(x)dx

1 2”n'

— 2”n' [{@n 1( ) }P ( )]_1 Q:H'/l[@n 1((E _1) ][@Pm(:v)]d:v
- _ n 1
= (2n1n)! /_ (906 = 17" P ()

If n > m, 9" P, (x) = 0. Also the original integral is symmetric in n and m.
Hence
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z)dx = 0,m # n.

/ Pu

But we also have

' <_1)n ! n n
/_1 P,%(x)dx - 2nn) /_1(x2 — 1)"Z" Po(x)]dz.
n(l n
Now Pn(:z,‘): (Qn)!’rbx + 1, s0 @npn(x):2n <;>n
Therefore
(L 1
/ P2 E)n /_11(1—262)”(1.%': (i)'n /_11(1_x)n(1+$)nd$.

By Example 7, page 51, we have

) 2““*”+1 'Bn+1,n+1)=

2211y, T(n+ 1)D(n + 1)

[

Hence

1 2n—|— !
B 22”"'1(% n!
;Qﬁn!(%)n
_ 2
Tl

Problem 20. Show that the polynomial y,(z) = (n!)~1
has the generating relation

€t0F1 (—, t, 4$2t2

) - gym

and that Theorem 45, page 133, is applicable to this y,(x).

into a property of Py,(x), obtaining equation (7), page 159.

Solution 20. Consider the polynomial

Yn(z) =

(1—22)% P 1
o \Vice )
We find that

n!l'(2n + 2)

Translate the result
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oo 00 1 — 2\n
S o - 32 larm)
Yn ol
n=0 n=0 ~
1
201 .2 o
:etOFl t(l X ) |:1—{1,‘2 1:|
4
L L
’ 222
:et F R
041 1
L L

Problem 21. Let the polynomials w,(x) be defined by

e[t (@ — 1) ZW g
with o
= Zynu"
n=0
Show that
o ) 2022 11"
>t )" = (1= 20) S (oo, | |

n=0 k=0
and thus obtain a result parallel to that in Theorem 46, page 134. Apply your
new theorem to Legendre polynomials to derive equation (2), page 164.

Solution 21. (Solution by Leon Hall) Multiplication of series gives

S wal@)tt = (Z xf) (Z Yula? — 1>"t2")
n=0

n=0
2k+1+t
=SS B e -y,
n=0 k=0 +1
and so
- _ 1 n—k .2k

wan(z Z Y (2? ) T

and
Ve k LL‘ _ 1)n7kx2k+1
wan+1(® Z (2k + 1)

An index shift gives
k 1‘ _ 1 k 2n—2k

v
wan (@ Z (2n — 2k)!

(@ — 1)kg2n—2k+1
Wan1 (& Z (2n — 2k + 1)

and
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Thus
) © n )anYk( 2 — 1) L2n—2ky2n €)2n+17k % — 1) om— 2kt 1,2n 1
n n = — Q= t t .
;::O(C) ’ nzzogo (2n — 2k)! ﬂ;)kzo @n—2k+1)! "

If we expand the finite sum, the coefficient of yi(z* — 1)* for k=0,1,...,n is
2n 2k:t2n 2n72k+1t2n+1

Oo(c)2n+1x
Z n—2k *; 2n— 2k + 1)

Noting that (¢)antor = (¢+2k)an(c)2r and (¢)ant2k+1 = (¢4 2k)2n11(¢)2r we have

- "N\ 2 ykp2k | N (CF 2R)on (@) G (e 4 2K)an (a) P
> (@nwn (@)t = (@ =1)F | D ) +> n 1)
n=0 k=0 n=0 n=0
where the second factor is equivalent to
i (c+2k)p(xt)” 1
—~ n! (1 = pt)et2R’
1
(do a Taylor series around 0 for m) Now we have
—x (&
> - (2% - 1)
T;O(C)nwn(x) ]. - CUt Z 2k’7k: |:xt)2 :| ,

which is similar to the result of Theorem 46, pg. 1384. For the second part, note
that the formula (4) on pg.165 is

o

P, (x)t" . 1
Z T = e tOFl (_, 1, Zt2($2 — 1)) 5

n=0

where P, is the Legendre polynomial of degree n. If we now let

Py (z)
wn(w) = n!
and
k=0
= 1 d It gi
we get vy = W, and our result gives
(&) P (@)t o (@2 [R@2-D]"
= (1—-uat)"¢
; nl (1-at) ; 220 (n1)2 | (1 — at)?
Note that {92 _ (E) S 1) and that
22n 2/2\2 2/,
2F1 (O[l (%) 1; 2 —1+Z (042) ﬁ
Y ) ) n n'

n=1
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1 t2(2% -1
Thus, with aq = g = g + 3 and z = (1(33 xt)2) we have
> ()P (2)t" _ cec 1 t32?2-1)
E 1—at) SF (=, =+ =;1; ——
. = (1—at) 21(2’2+2”(1—xt)2

which is equivalent to equation (2) on pg.164.

13. CHAPTER 11 SOLUTIONS

]
Problem 1. Use the fact that

exp (2wt — %) = exp(2xt — 2t?) exp[t? (z* + 1)]
to obtain the expansion

(5]

I H,_op (1) a2k (22 + 1)k
H,(x) = kz kk(!(il — 2k)(! :

=0

Solution 1. From

exp(2xt — %) = exp(2xt — x2t?)exp[t?(x? + 1)]

we obtain

> > H,(1)(xt)™ (22 4 1)t
£ () £e)

n=0 n:On n=0
_ i A Hyop (1) (@)™ (a + )t
s kl(n — 2k)!
It follows that
(5] _
B n Hyy_op(1)x" 2k (22 + 1)F
Hn(z) = kl(n — 2k)]
k=0

Problem 2. Use the expansion of " in a series of Hermite polynomials to show
that

/ exp(—a®)x" Hy, oy, (2)dz = Z_an!g_

—00

Note in particular the special case k = 0.

Solution 2. We know that

(5]

n nlH, _os(x)

| — i
= 2"sl(n 2s)!

Then
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3

> 2N n o ’fl' o0 2
[00 exp(—x*)a" Hy_op(x)dx = ) 0"3!(n—2k)!/ooe H, _op(x)Hy_os(x)dx.

The integrals involved on the right are zero except for s = k. Hence

o0 n! o 2
[m exp(—x?)a" Hy_op(z)dz = 28 (n — 2k)! /oo e Hy_op(x)da
_nl2n 2R (n = 2k) /T
27kl(n — 2k)!
nly/m
= Sohg
For k = 0 the right member becomes nl\/x.

Problem 3. Use the integral evaluation in equation (4), page 192, to obtain the
result

- _1)k+s22k+2s(l)k(§)
—2?) Hop(2) H _ ! Y
/0 exp(—x*)Hap () Hopy1(x)dx 25 + 1 — 2k

Solution 3. We know that

/ 67I2Hn,($)Hm(£L’)dI =0,m #n.

— 00

If m and n are both odd or both even, the integrand above is an even function of
x and we obtain

2 / =% () Hyp (2)dz = 0
0

for m =n mod 2.
Now consider

/ e Hy, (x)Hogy1(x)dx.
0

By equation (4), page 331, we get

2(2n — 25 — 1) / e~ Han(2)Hausr (@)de - = |7 { Hou(2)H, 4 (2) — 25, () Howir (0)}]
0
= —Hy,(0)Hp, 1 1(0) + Hy,, (0) Has41(0)
= —Hzn(0)Hayy1(0).
Using the values of Hay,(0) and Hy,, 1(0) from page 323, we get

—(=1)"2"(3)n(=1)°271(3),
2(2n—2s—1)
(_1)n+822n+23(%)n(§)s.

2
2s+1—2n

00
/ e_szgn(x)H25+1(x)da:
0
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Problem 4. By evaluating the integral on the right, using equation (2), page 187,
ans term-by-term integration, show that

(4) Po(z) =

mf/ exp(— )" H,, (wt)dt,

which is Curzon’s integral for P,(z), equation (4), page 191.

Solution 4. Consider the integral

'n.

n'\f / e U H (o)t \F / io 12?(5129675)2';;’%
_Z HEZ”’ZZ %Vl; " etgriolag
z o T
-3,

Hence

2 [

Problem 5. Let v,(z) denote the right member of equation (A) of Ezercise [J]
Prove (A) by showing that

D n(@)y" = (1 2ay +y?) 2.
n=0
Solution 5. Put v,(x) = /00 e, (xt)dt
) T S " '
Then
= 2 [ >t H, (wt)t"
S valay =z [T S RO
n=0 \gE OOO n=0 s
__“ —t? 2(xt)yt—y2t2dt
ﬁ/oof ‘
2 —t?[1-2zy+y?]
= —— x dto
ﬁ/o ‘

Use t\/1 — 2zy +y% = B to get

_ﬁdﬁ (1 —2xy +y%) % ZP

nz:;)%(x)y fv1—2xy+y /

Hence vy, (z) = Pp(x).
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Problem 6. FEvaluate the integral on the right in

o0 T
(B)  Hafz)=2""" exp(m2)/ exp(~t)t" 1P, () dt
by using

(3] v 2 ok —ok
z® —t%)F(2x)™
iy, (1) =3 M 0
t = (k)2(n — 2k)!
derived from equation (1), page 164, and term-by-term integration to prove the
validity of (B), which is equation (5), page 191.

Solution 6. We know

(2 1)kxn—2k

. 2° k(k')_ 2(n — 2k)!

from (1), page 280. Then

(5]

n| ) (2.1‘)"_%
n
(26)" Pu ( ) nf2k)
k=0
which leads to the result
, [ (5] 2 S
2n,+1 x —¢? 71+1P / —t 2 42\k ) n—2k ) )
¢ /I o p, (3) de = ni%) 1 (22— 12k (22)" 2 (2tdt)
k=0
Putt —z? = 3. Then
ontler” /Oo —nlp, (x)dt B IC /OO “I(-1)tprdp
“ ), € "\ T B2 2k) fy

—
vl ||

n!(—=1)%(2z)"—2kE!

I
(]

22 (k)% (n — 2h)!
P T
N P El(n — 2k)!

=0

Hence

2n+1€x2 / eftZtnﬁ*an <%> dit = Hn(.’f)
Problem 7. Use the Rodrigues formula

exp(—22) Hy () = (=1)" D™ exp(—a2); D = %

an iteration integration by parts to show that

/oo exp(—2?)H, (x) Hyp (z)dx = { gnn;ﬁ :Z iz

—00
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Solution 7. We know H,(z) = (—1)"e® 9me="
Then

/OO e_IZHn(:U)Hm(m /00 g H,,(x)dz

—o _ )" [{_@" lo—a } (x)}oo + (—1)n+1 /_O;[@n_le_wz}[@Hm(x)]dx

oo

= (—1)%" /OO e (2" H,,(x)|dx

— 00

Hence

/OO e_“’an(x)Hm(x)dx =0,m#n

— 00

and, since H,(x) = 2"z™ + m,_o(x) (where m,—_o(x) denotes a polynomial of

degree (n— 2)),
/ T T B2y = / Y e 1 (2)]de

— 0o — 00
o0

= 2"l e de
—00
= 2"nl\/T.
14. CHAPTER 12 SOLUTIONS

o
Problem 1. Show that

Hop(z) = (—1)"22"n1 Ly % (22),
Hon1(z) = (—1)"22+ itz L2 (22).

Sl (C1)knl(20)m2k

Solution 1. From H,(z) = R — 2k)] we get

P ! !

= (—1)k(2n)!(22)2n 2k

Hon(w) =3 kl(2n — 2k)!

on (1))
B (-1) n)!(2x
_kZ:o (2k)(n — k)!
_ N (G En)(=n)pet
B kZ:O E!(3)en!

— (—1)m22 (;)n (?)!nﬁfé (2?).

Hence
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Hop(z) = (—1)"227 1. 22 (42),

In the same way

(—1)%(2n + 1)!(2z)2n+1 -2
k(2041 — 2k)!
(—1)" "k (2n 4 1)!(22)%F+1
(n —k)I(2k 4+ 1)!
(-1)”(—n)k22nn!(%)n22k+1$2k+1
n'QQkk'( )k
—1)"227(3), (2z)1 Fy | —n; ;x2>

NE

Hopii(z) =

™~
Il
=}

Il
ol
:HM:
o

|
(]

Il
<
ol

—_~ o~ >
N W

—1)m22nnl(20). 257 (22).

Hence

Hon1(z) = (—1)"220 itz 283 (52).

Problem 2. Use Theorem 65, page 181, and the method of Section 118 above to
derive the result

5= k), (n—k— 1)
L | (DA +a)n(2k+ 1) Pe(x)

@ () = T
P (z) 1;)2F3 1 25 (n — k)(2)k(1+ )y

3 1 1
S bk (1 ~(2 ;
2+k,2( +a+k),2( +a+k);

Solution 2. We know that

[

3

o) L (@ — 4k + 1)Py_oi(2)
’I’L' =0 k'(%)nfk

Then
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(@) (5 - (F1)° (1 + @)zt
Zf Zzs'n—s NI+ a)s
—1)%(1 + @) ppsxst™Ts

shnl(1 + a)s

I
Mg

n,s=0
_ i (3] (=1)*(1 4 @) nys(2s — 4k + 1) Py_gp(z)t"+*
n,s=0 k=0 25nl(1 + O‘)sk!(g)sf

_ i (=1)°(1 + @) npston(2s + 1) Py (x)t T2k
25420 In) (1 + )y ok (2) sk
Change_letters io: (—l)k(l + )n+k+2s (2k' + I)Pk( )tn+k+25
2k+283|n'(1 + Oé)k+25( Jkts

n,k,s=0
(=D*(1 + a)pyr(2k + 1) Py (z)t"HF
31(n = 29)1(1 + @)y (D o272

n,k=0 s=0
B i 3] (—n)gs2-20 (1*(1 4 @)y (2k + 1) Py(a)im+E
e sl (L atk)as(5 +K)s (1+ a)r(3)r20n!
n n— 1.
- 27 2
Z 2 1| (=D (14 @)nsr(2k + 1) Py (x)t"H*
P 2 3 —_ .
4 2k (1 3)en!
n,k=0 §_|_]<; 1+a+k 2—|—O¢—|—k‘. ( +Oé)k(2)kn
2 2 2

We thus get

o o n 2 7 2 .
—1)*(1 n(2k + 1) Py (2)t™
>0 = 35 £ | RGO o
n=0 n=0 k=0 §+k1+a+k 24+ a+k @)k )k :
2 ’ 2 ’ 2 '
Hence
7717/@ 7n7k71
2 2 .
L) (g 1| (=1D)"(Q+a)u(2k +1)Py(x)
ZQF?’ 4 k 3 :
4 261+ a)r(3)k(n — k)!
§+k l+a+k 2+a+k
2 b 2 b 2 b

Problem 3. Use formula (4), page 194, and the method of Section 118 to derive
the result

) 5= k), (k1)
= oF 1| (EDM(+ a)nHe(2)
=) oF; 4 | B (n—k)1261 + )

1(1+a+k) (2+a+k)
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Solution 3. From

(2z)™ B H, _o4(x
n! — sl(n — 2s)!
we obtain
ig(a) (x)t" = i Z (_1)k(1 + a)nxktn
=" == Kl (n— k)1 + o)
_ (=D)*(1 + @),y pxFtntk
B Enl(1+ o)

(D14 )i i aala)7
nl(1+ a),2ks!(k — 2s)!

— i D)2 (1 4 )y oo Hg (2)87 R4
nl(1+ )22k +2551K!

o i 1 1 +Oé)n+ka( )tn+k
o . S )(1 +a)k+252k+25k!'

Thus we obtain

> = —n)9es272  (=1)F(1 ik Hp ()t F
YL@ =Y 1(1 ok k = 1+1a) +k2kkk(|x)
n—0 k=0 5=0 3~( + o+ )25 TL( + Oz)k !
n n-1
e 2’ 2’ k n+k
1| (=D + a)nyrHi ()t
=2 oh 1 K2k (1 + a)y,
n,k=0 l+a+k 2+a+k
2 ’ 2 ’
n— k _n—k— 1
s n 2 2 . .
_ Z P, 1 (*1) (1 +a)nHk(x)t
4 2Kkl (n — k)1 +
n=0k=0 l+a+k 2+a+k (n = B)L+a)
2 ’ 2 ’

Problem 4. Use the results in Section 56, page 102, to show that

! _ (=1)"Han41(3)
/0 Ln[x(t—x)]dx— 22n(%)n

Solution 4. We use Theorem 37 to evaluate

; Lplx(t — z)|dx = /0 1F1(—n; 1 2(t — z))d.

In Theorem 37 we use « = 1,8 =1,p=1,g=1,a0 = —n,by = 1,k =1,s =
1,c=1 to get
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By Ezercise|l| above we have

0 (1) - gt

Hence

/Ot Lot — )de = D m, L (1t> .

22”(%)n 2

Problem 5. Use the results in Section 56, page 102, to show that

[ e (3), 1 (5)

Solution 5. Since

Hyp(z) = (—1)"2%" (;)n Fy (_n; ;;Jg) ’

by Exercise|ll, we may write

t 1 t
/Hgn(\/x(t—az))\/x(t—x)dx:(—1)"22"(§)n/ v -4y (—n, ,J;(t—x)) do
0 0
. 1 1
We then apply Theorem 37 with a = 5,6 = i,p =1,qg=1a = —n,b; =

1
§,c:1,k=1,s=1, to get

11
Ty
t Hy, t— 11
/ 2( l’( x))dx :(_1)n22n(%)nB (2,2>t3F3
0 2t - =) 112
2'9779
wre) | e
L(3)I'(5 t
— no2n (1 2 2
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Problem 6. Show that if m is a non-negative integer and « is not a negative
integer,
L(a)( )L(oz-i-ka)( )
n
(14 )k

1+a -
L@ (

Solution 6. On page 366 we had

(It o) s A+ a— B ()2 P ()

O 2 (+ o)
1 1 1 1
In (1) choose ¢ = 1—|—§a—|—§m. Then2c—a—2=mandl+a—c= Fa— 5m

Hence

(252, L (~2) 2" (x)
(1+a) '

1+« =
g(a)
(@) = (14 ia+ mnz;)

Problem 7. Show that if m is a non-negative integer and « is not a negative
integer,

(14 0)u(1+ ) § L COLT ),

(a)
L) = i TN

k=0

Solution 7. In equation (1) of Exercise [ above choose ¢ =1+ a4+ m. Thus we
get

" (—m)p L (—a) LT ()
() _ n—k
(@) (1—|—a+m Z:: 1+ a)k
_(+w 1+ ) 3~ m)e ) (—2) L0 (@)
(1 m+n k=0 1 + a)k ’

Problem 8. Use integration by parts and equation (2), page 202, to show that
/ e VL (y)dy = e * (L) (z) — LI, (2).
Solution 8. From (2), page 350, we get

L (@) = 2L (2) - 2L (=),
Now put
A= [ ez iy
and integrate by parts with u = e~ Y and dv = nga)(y)dy — du = —e Ydy and

v =L (x) — féi)l (x) to get

to= [ {2@w -2+ [ e 20w - 25 w)

x
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Ay = e | LD (@) = ZE(@)] + An = Ania
Hence

Apir = e [ £ () = 20 (@)]

so that, by a shift of index, we get

A= [ 2@y = [ 200 - 20 0)].

Problem 9. Show that

e 1 (o _ T +a)0(B) (L +a)ut™™?
/0 2t — )P 1.2 (2)dx = Fitatd) (1+a+5)n"% ) (1).

Solution 9. Let us use Theorem 37 to evaluate

1+ a),

¢ ¢
/ 2t — )P 712 (2)dx = ( / 2t — )P Fy (—n; 1 + o 2)de.
0 0

n!
In Theorem 37 use « = a+ 1,8 = B,p =1, = 1l,a1 = —n,by =1+ a,c =
1,k=1,s =0 to arrive at

oz—i—l'

¢ 1 . n, ;
/ 2t — 2)P 1L (2)dr = @B(a + 1, )ty Fy 1 ‘
0 n.

l+a,a+6+1;
(14 ), (1 + |alpha)T'(B) ., ) .
T Ta+B+1) PR (- ot B+ 1)
:Fa+a+nﬂxr+®FWﬁMﬁ n! 209
nl(1+a) T(A+a+p8) (A+a+p), "
(1 + a)n (F(l + O‘)r(/ﬁ) ta+/5$7§a+ﬁ) (t)

(I+a+p)n TA+a+pB)
Problem 10. Show that the Laplace transform of £, (t) is

o0 1 1\"
—str, =—(1--= .
/0 e L (t)dt = - ( 2)

Solution 10.

N
8
|
)
)
IN
—~
-
N—
joN
~
Il
o\
8
a
|
)
3
—~
=7
|2
PN
EN
|3
Zls



SOLUTIONS TO RAINVILLE’S “SPECIAL FUNCTIONS” (1960) 109

Problem 11. Show by the convolution theorem for Laplace transforms, or other-
wise, that

Lt — 2) Lo (2)dir = / Lon(#)d = L on(t) — Lnpnia (1),

1 n\"
Solution 11. We know that £~! {s <1 — s> } = Z,(t). (where £ denotes

Laplace transform and %, denotes the Laguerre polynomial).
Then by the convolution theorem,

f/otfn(tx)fm(x)dx _ % (1 B i)zin@m i>m
s L (1 - 8) ] :
Hence
/tiﬂ (t —2) L (x)de = L1 {i [i (1i)n+m]}
But ’
z {i (1 - 2>n+m} o
Hence

t t
/ Lot — 2) Lo () = / Lo (B)dB.
0 0
But, by (2), page 350,
Ln(x) = D%, (x) — DLpir (),

so that

t
| -0 2@ = (B (8) = L (91
= n+m(t) - $n+m+l(t)~
Problem 12. FEvaluate the integral

| et @t
0
of (7), page 206, by the following method. From (4), Section113, show that

Z/ “e | (z)]2dwt®™ = (1 —t)=272 /000 x%exp [—1:1(1_—1;15)} dx

— (1) T(1 4 )
Z 1+oz—|—n t2"
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Solution 12. We know that

(1—t)" " exp <1 - t) Z.z(a

Then

n

—2xt
—2—2«
(1—1) eXp(l—t>E
n=0%k

Then, because of the orthogonality property of ﬁga)(x) we get

L (@) LY (@)t
0

* A= e a n —2- 2« e a 2zt
/0 x ZZZ() Z()()t dx:(l—t)ZQ/O :z:exp[xl_t]dt,

n=0 k=0
or

Z/ ze " g(a)( )r dat®™ = (1 — )~ 272 /OOO % exp {—acl(l—it—t)] dx.

1414
In the last integral put :vl +t = [ and thus obtain

U - () D 2 Tk 2 R el 1\
/OxeXp[lt}dx_(lth> /0 B% dﬁ—F(l—&—a)(M) .

Therefore we have

o0 [e') 2
/ 2o [Z@)] de = (107014 )T a)
n=0"0
=T(1+a)(1—-t?)"1"
B i (14 a),I(1 + a)t>
i n!
_ I'(1+a+n)t*
— n!
Hence

oo 2
/ g {gp(x)} gy~ LA ta+n)
0

n!

15. CHAPTER 13 SOLUTIONS
ol

Problem 1. Prove Theorem A (Sheffer): If ¢,(x) is of Sheffer A-type zero,
gn(m,x) = D" ¢pym(x) is also of Sheffer A-type zero and belongs to the same
operator as does ¢n(x).
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Solution 1. Let ¢, (x) be of Sheffer A-type zero. Put

d
In(m, ) = D" dpym(x); 2 = —.

dx
We know there exists an A4, and H such that
1) Al Z bnl
Z ¢n+m thrm

Now the ¢, (x) form a simple set. Hence 2™ ¢r(x) = 0 for k < m. Therefore,
using the operator 2™ on (1) we obtain

AG)[H ()] (e H (1 Z@ D ()

Since H(0) = 0, we may write

@ a0 | T2 e Z@ -

from which it follows at once (Theorem 72) that .@m¢n+m( ) are polynomials
of Sheffer A-type zero an that they belong to the same operator as do the ¢, (x),
because the H(t) in (1) and (2) are the same function.

Problem 2. Prove Theorem B: If ¢, (x) is of Sheffer A-type zero,

m -1

V() = 60 (@) [Hu P

i=1

s of Sheffer A-type m.
Solution 2. We are given that ¢, (x) is of Sheffer A-type zero and wish to consider

H(l + pi)n

d)n (7/‘) -

Let ¢, (x) belong to the operator J(P). By Theorem 74, there exists p, v such
that

n—1

> Gk + 20) 2 0 (2) = n(2).
k=0
Hence there exists operator

(1 + 20g) 2T = B1(2) + £B2(2)

M2

B=B(z,9)=

ol
Il

0
such that

Bo,(z) = non(z).
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Then

(B = pi)pn(z) = (n+ pi)on (),

{J(@)H[B(“’?@)+m]}¢n(x) =J(2)+ o) _ Pn—1(x)

H(l + piJn-1 H(1 + pi)n-1

i=1 =1

= Yp—1(z).

Since 1, () belongs to one operator whose coefficients have maximum degree m,
Yn(x) is of Sheffer A-type m and 1, (x) belongs to the operator

m
Ji(@,2) = J(2) [[Ipi + B, 2)).
i=1
Two operators arise here. Above implies commutativity of the operators [p; +
B(x, 2)] and it implies that Jy is a proper operator, that is transforms every poly-
nomial into one of degree one lower than the original.
Let us now prove the desired commutativity property. Let

oo oo
€ = pi + Zuk@kH + vak@kH.
k=0 k=0
We shall show that e1e9 = €9e1. Since

@m+1[P+/~Lk-@k+l+ka-@k+l} _ p@erl_i_Mk@m+k+2+ka@m+k+2+(m+1)kam+k+1,

we obtain

g162 = |p1 + f: U D™ f: Uy DL

m=0 m=0

P2 + iﬂk9k+1 Ty ivk@k+l‘|

k=0 k=0

o0 oo o0 o0 o0
=pip2t o Y w2+ pred P 02 > 2™ wpa > v @ A D (i + 200) 2"
k=0 k=0 m=0 m=0 m=0
which is symmetric in py; and pa. Hence €169 = €9e7.
We shall now prove a theorem of value in discussing what operators transform
polynomials of degree n into polynomials of degree (n — 1).
Theorem : If the operator J(x, D) is such that a simple set of polynomials 1y, (x)
belongs to it in the Sheffer sense,

(1) J(J?, 9)1%(33) = ¢n—1($)~](3«“a -@)?ﬂo(l‘) =0,
then J(x, D) transforms every polynomial of degree precisely n into a polynomial
of degree precisely n — 1.
Proof : Let g, (x) be of degree exactlyn. Then we know there exists the expansion

gn(@) =Y Ak, n)thn_r(x), A(0,n) # 0,
k=0
merely because the ¥, (x) form a simple set. Then, because of (1),
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(2) J(x, D)gn (2 ZAknwnlk()

k=0
and the right member of (2) is of degree exactly (n — 1).

Problem 3. Show that

n!
is of Sheffer A-type zero, obtain the associated functions J(t), H(t), A(t), and draw
what conclusions you can from Theorems 73-76.

Solution 3. (Solution by Leon Hall) From the defining relation for the Hermite
polynomials (p.187) we have

oo

H, t"
Z ﬂ = exp(2xt — t?)
—  nl

= exp(—t?) exp(2zt).
Thus by Theorem 72, én(x) is a Sheffer A-type zero with A(t) = exp(—t?) and
t
H(t) = 2t. Because J(x) is the inverse of H(t) we get J(t) = 7

n

The operator J may be found directly as follows. Denote by ¢n(x). Then

we need (see p.189 for the first few Hermite polynomials):
To(z) Doy (x) = do(x)
To(z)D(2x) = 1.
So,

Continuing,
T1(2)D?¢a(x) = ¢1(z) — To(z)Dep(x)
4T (x) = 22 — %4x = 0.

So, Ty(x) = 0. In general we need

T(2) D" ppsr (2) = dn(@) — To(x) Do (@ ZTk )D* ¢4 ().

Because H! (x) = 2nH,,_1(z), we have

o) = 21 _ g5, @)

(also see Theorem 76) and so
To(2)Ddny1(z) = Pn(x)

and
D"y (2) = 2" ¢ ().
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This makes, forn > 2,

n—1
To(2)2+ = () — du(x) = D 25T T ()i ()
k=1
n—1

=3 T @)k ().

k=1

Because we have Ty (x) = 0, this makes To(x) = 0, which means T3(x) = 0, and so
on. Therefore, from Theorem 70,

= 1
J(z,D) = Ty(x)DF = 3D
k=0
From the formulas for A(t) and H(t) it is easily seen that, in Theorem 73,
|0 ik #1
%_{-a;k:1

and

€

_J 0 sk=1,2,...
F7Y 2 sk=o0.

This makes equation (11) from Theorem 73, for n > 2,

(2D — 5D%)u(x) = no ()
or
Op(x) — 22¢y, () + 2n¢n(x) = 0,
which is Hermite’s differential equation. Hermite’s differential equation is also a
result of Theorem 74 using ur = 0 except pu, = f% and vg = 1,v, = 0;k > 1.
Equation (17) in Theorem 75, using the oy and e, values we found before, becomes
20¢pp—_1(x) — 2¢p_2(x) = nedy,(x)

and this can be written as

Hn—l(l‘) 2Hn_2(.’13) _ Hn(.’E)
! (n—2)! (n—1)!

(n j my1 (2 Hn-1(x) = 2(n = 1) Ho2(2) = Ha(@)]

where the equation in brackets is the pure recurrence relation for Hermite polyno-
mials.

Problem 4. Show that L;“)(m) is of Sheffer A-type zero, and proceed as in Exer-
cise[3

Solution 4. (Solution by Leon Hall) A generating function for the Laguerre poly-
nomials (see (4), p.202) is

(]__t)1+ocexp 1—¢ _z;) n (Z‘)t ’

so Theorem 72 says L (x) is of Sheffer A-type zero with
Aty =(1—t)" 1
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and ;
H(t) = —.
An easy inverse calculation for H(t) yields
—t i
_ — _ n+1
J(t) = 1— >t
n=0
From
At 14+a & &
= t
AN 1t kzzoa’“
we have a, = 1+ « for all k, and from
H'(t)=-=> (k+1)t*
k=0
we have €, = —(k +1). Thus, (11) in Theorem 73 is
n—1
(%) > (+a—a(k+1) I (D)LY () = nL{ ().
k=0

By definition J(D)L%a)(ac) = L(a) 1(z) so
n—1 n—1
Z Jk+l( L(a Z ZL’) _ Z LE:L) (iE)
k=0 k=0

and so by Section 114, equation (3),

n—1
3 L (2) = —DL{ (x)

(see Theorem 76). The left side of (x) then becomes

n—1 n—1
Z(l—l—a—x—kx)JkH(D)L%‘")(x) = (1+a—a:)ZJk+1( L) —kaJk'H VLI (z)
k=0 k=0

—(1+a—x)DLy @ (3 kaJ’““ VL) ()

=—(14a-z)DLY (z) kaL ().

Rewrite the last sum as

n—1 n—3
STRLY, (@ Z L™ (z) + Z L (z) + ...+ Z L () + L (2)
k=1

= —DL<“> (@) — DLSf%( )DL - DL )
=-D Z L ()
DQL(O‘)( ).

Thus, (x) becomes, finally
—(1+a— )DL (z) — 2D*L{) (2) = nL{ ()
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or
eD?L\ (x) + (1 + o — 2) DL () + nL{¥ (z) = 0,

which is Laguerre’s differential equation. Equation (17) in Theorem 75 becomes,

after an index shift,

n

Z(l +a-— kx)L;ajk(x) = nL{® ().

k=1
In Theorem 74, with uw = J(t) = l;t’ we get
uA’(u)
=—(1 t
Al (1+a)

and
uH'(u) =t —t%,

making o = —(1 + «), vo = 1,v1 = —1, and the rest of the py and vy zero.
Then, using these values in equation (14) of Theorem 74 we again get Laguerre’s
differential equation.

Problem 5. Show that the Newtonian polynomials

(=D)"(=2)n

Nn(w) = n!

are of Sheffer A-type zero, and proceed as in Ezercise[3

Solution 5. (Solution by Leon Hall) A standard Taylor series expansion about
t =0 shows that

— n __ = (_1)n(_x)7l n o__ z _ _xlog(l+t)
Z;)Nn(x)t —;Tt =(1+t)"=e :

so in Theorem 72 we have A(t) =1 and

H(t log(1 =
() =logl +0) = 7~ 1
k=0
Because J(t) is the inverse of H(t),
tn+1

J(t)=¢ Z

k:O

A(t) constant means all the ap, = 0 in Theorems 73 and 75 and that all the pi =0
in Theorem 74. Because

N T
H(t)—m—kzzo(—

we have e, = (—1)* in Theorems 73 and 75 and, for u = J(t),

uH'(u)=1—¢e" = i (-D* fh+1
= (k+1)!
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_1\k
we get v, = et 1) in Theorem 74. Note that also if AN, (x) = Ny(x+1)—Ny,(x),
then (1 (1)
ANy(z) = ol (—(x+1))n — ol (—2)n
(=t r+1 x+1-n
- (n—1)! (=2)n n o n
= Nn_l(l‘).
Theorem 73 now gives
n—1
> (D) I U D)Ny (x) = iV, (@)
k=0
or using Theorem 75
n—1
2 (1PN, 1 k(@) = nNp(x),
k=0
And because A*TIN, (z) = N1 (),
n—1
23 (~DFAFTIN, (2) = nN, (2)
k=0

Theorem 74 yields

xnz_:l (=" DN, (z) = nN, ()
P (k+1)! " e

—1)k
Finally, from Theorem 76, recalling from H (t) that hy = (k—l—)l , we have
n—1 .
—1)k
(=1) Nyp—1-(x) = DN, (z)
k+1
k=0
or
/ 1 1 (R
N, (x) = Np_1(z) — QNn_g(x) + gNn_g(.I) — ...+ ———Ny(x).

With some work, this last result could also be obtained by logarithmic differentiation.

Problem 6. Show that

L (x)
is of Sheffer A-type unity but that with o chosen to be

oc=D(0+«)
the polynomials ¢, (x) are of o-type zero.

Solution 6. Consider

21 ()
)= T an

Since Z,ga)(:zz) is of Sheffer A-type zero (Exercise , it follows by Exercise@
that ¢, (x) is of Sheffer A-type one.
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Now

i L8 ()t
—(l+a)—n
so that, by Theorem 79, ¢, (x) is of o-type zero with

=elgFy(—; 1+ a; —at),

c=90+1+1—a)=2(0+a).

Problem 7. Determine the Sheffer operator associated wit hthe set

Ly (z)
Pn(z) = (nh)2"’
and thus show that ¢, (x) is of Sheffer A-type 2.
Solution 7. Consdier ¢,(z) = D(?;TLL'(;;) Since 2, (x) is of Sheffer A-type zero (by

Exercise , we may use Ezxercise @ to conclude that ¢, (x) is of Sheffer A-type 2.
We now wish to find the operator to which ¢, (z) belongs.
Let

J(z,2) = ZTk(I)@k'H.
k=0
We first proceed by brute strength methods. We know that
D%O(l‘) = 1a

gl(x) =1- €,

1
L(x)=1-2z+ §x2,

3 1
L(x)=1-3x+ 55[:2 - 6353,

2 1
ZLi(x) =1 — 4o + 32° — §x3 + ﬂx‘l,

then J(x, 2)én(x) = ¢n_1(x) requires that

de)@l(l%)f - @;mw(—n — 1, Ty() = 1.
Then also
[1(@)% + T3(0) %) 7z Bo(0) = (o).

(2 + Ti(2) 27 (1 — 22+ ;:ﬂ) =4(1 —z)

—(—2+2)+Ti(2)(1) =4 —4z; T1(x) = 2 — 32.
Next we have
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[~2 + (2 — 32) D* + Ty (x) 27 (1 3t 242 1;1;3) =9 <1 — 2+ ;ﬁ) .

2 6
or
1
- (—3 + 3z — 2952) +(2-32)(3—2) + To(x)(—1) = 9 — 18z + 922,
or
L o 2 9 2
3—3:5—1—51‘ +6— 11z + 3z —T2<$)29—18$+§.’13 )
—Ty(z) = —da + 22; To(z) = 4o — 2
Then

2 1 1
[~ 2+(2—32) D*+(4a—2°) D34+ Ty () D* (1 — 4z + 3% — gIS + 243:4> =16 (1 — 3z + %xz - 6583) ,
or

1 1
- (—4 + 62 — 227 + Gx?’) +(2—3z) (6 — 4z + 2x2> +(dr—2?) (—4+z)+Ty(x) = 16—48x+24x2—§m3.
Thus we get

3
Ty(z) = 2> + C%(1 +9+6—16) = 2% Ty(z) = 2°.

Let us consider the effect of the operator

J(x,2) =D+ (2 —32)2* + (42 — 2*) P + 2*P*
(n)?

Problem 8. Prove that if we know a generating function

upon ¢, (x) =

(oo}
y(m, t) = Z ¢7L(x)tn
n=0
or the simple set of polynomials ¢, (x) belonging to a Sheffer operator J(x, D),

no matter what the A-type of ¢n(x), we can obtain a generating fuction (sum the
series)

> ()t
n=0

for any other polynomial ¢,,(x) belonging to the same operator J(z, D).

Solution 8. We are given that ¢, (x) is a simple set of polynomials and

1) oyt = eul@)rn.

n=0
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Let ¢, (x) belong to the operator J(x, D) in the Sheffer sense. Let 1, (x) belong

to the same operator J(x, ). Then, by Theorem 71, there exist constants by such
that

(2) Un(@) =D brdnk(x).
k=0

It follows from (1) and (2) that

Z ()" = Z Z bi ()"
n=0

7L=géc:0 -
_ (z w) (z qsn(x)tn)
= Bloy(a.t).

Note that the by ’s can be computed identically.

Problem 9. Obtain a theorem analogous to that of Ezercise [8 but with Sheffer
A-type replaced by o-type.

Solution 9. Follow the proof in Ezercise[§ except for two substitutions:
(1): Replace J(x,2) by J(z,0);
(2): Replace Theorem 71 by Theorem 78.

Problem 10. Show that if P, (x) is the Legendre polynomial,
(14 22)2n ( x )
n\T) = 7Pn Y
bn(x) - T

is a simple set of polynomials of Sheffer A-type zero.
Solution 10. Consider

o) = (1+x2)3’Pn( T )

n!
We know that

o0
P,(u)v v (u? -1
Z n( ') — uUOFl (_’17 ( ))
= n! 4
Therefore
o0 x P ( z )(1+x2)%tn
n . n 1+x
S anfer =3 DL
n=0 n=0
$2
_ et\/1+w27mOF1 t2(1 + £L’2) (1_,’_7 — 1)
4
L;
b _t2
:@mt F v
ol'1 1
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t2
Hence ¢, (x) is of Sheffer A-type zero with H(t) =t, A(t) = oF1 <—' 1; —) .

Problem 11. Let P,(x) be the Legendre polynomial. Choose o = DO and show

that the polynomials
(x=)" x+1
n = Pn
On(T) (n!)2 xz—1

are of o-type zero for that o.

Solution 11. Consider

0.0 =, (211)).

where P, (x) is the Legendre polynomial.
We know that

(1) ol <—; 1; U(u_l)> oF1 (-; 1; U(u;l)) = i M

12
2 — (n))
z+1 U — u+1 x
In (1) put v =t(x — 1),u = Then = , = , and
1 2 r—1 2 r—1

(1) yields

(2) oFi (= Lit)oFu(—; Liat) = Y dn(@)t".
n=0

Using Theorem 79 we may conclude from (2) that ¢ (x) is of o-type zero with
c=920+1-1)= 960 and

A(t) = oF1(—; 15 1),
H(t) =1,

o(t) = oF1(—; 15t).

Problem 12. Prove that if the operator J(x, D) is such that a simple set of poly-
nomials ¢, (x) belongs to it in the Sheffer sense, then J(x, D) transforms every
polynomial of degree precisely n into a polynomial of degree precisely (n — 1).

Solution 12. This result was proved as part of our solution to Problem 2 of this
chapter. See the theorem at the end of that solution.

Theorem : If the operator J(x, D) is such that a simple set of polynomials ¥, (x)
belongs to it in the Sheffer sense,

(1) J(:C’ _@)¢n(x) = ¢n—1(x)7j(x’ 9)1:[}0(55) =0,

then J(x, D) transforms every polynomial of degree precisely n into a polynomial
of degree precisely n — 1.

Proof : Let g, (x) be of degree exactlyn. Then we know there exists the expansion
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x) =Y A(k,n)n_r(x), A(0,n) # 0,

merely because the 1y, (x) form a simple set. Then, because of (1),

n—1

(2) J(@, D)gn() =Y Alk,n)tn—1k(x),

k=0
and the right member of (2) is of degree exactly (n — 1).

16. CHAPTER 14 SOLUTIONS
]
Problem 1. Show that the Bateman’s polynomial (see Section 146, page 285)

Zn(t) = 2F2(7n5 n+1;1,1; t)

has the recurrence relation

n?(2n—3)Z, (t)—(2n—1)[3n* —6n+2—2(2n—3)t] Z,,_1 (t)+(2n—3) [3n* —6n+24+-2(2n—1)t] Z,,_

Solution 1. Let

Zn(t) = o Fs(—n, N = 1;1,1;t) :zn:?)”—"‘k)"tk
pr) k)t
Zn(t) = y(k,n)
k=0
Then
= 1 n—1+k 'tk > n—=k
Zna(t) = kzzo ( (k'))3((n - k))! _ ]; ",
S (n—k)n—k—1)(n—k—2)
Zn—ao(t) = kZ:o Btk —1)(nt k= 2)7(k ).
Also
_ — (—D)*(n — 1+ k)lzkt! _ ° (1) (n — 2 + k)lzk
tZp—1(t) = kZ:O (K3 (n—1-k)! o — [(k—1)13(n — k)!
oo —k?’
tZp—1(t) = ;; D 1)7(k7n)
() = 32 CD =24 I S D=3 + pylat

(KD)3(n —2 — k)! (k- DIP(n—1— k)

ol
Il
<]

k=1

2(t)—(2n—1)(n—2)*



k=n

coeff k4
k=2-—n
k=1-—-n:
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_ > —k3(n — k)
t2n—2(t) = ];J (n+k)n+k—1)(n+k— 2)7(k’n)'

We may now proceed to a recurrence relation of the form

Zn(t)+ [A+ Bt]Z,-1(t) + [C + Dt|Z,,—2(t) + EZ,_3(t) = 0,

in which A, B,C, D, E depend upon k. For the determination of those coefficients
we need to satisfy the identity in k:

m+k)n+k—1Dn+k-2)+An—k)(n+k—-1)(n+k—2) - Bk*(n+k—2)

+C(n—k)n—k—1)(n+k—2)—DE*(n—k)+E(n—k)(n—k—1)(n—k—2) = 0.
Use

2n(2n —1)(2n —2) — Bn?*(2n —2) =0
—-B+D=0:

—D(2—-n)3(2n—2)+ E(2n—2)(2n —3)(2n —4) =0
D(n—2)4+2E(n—2)(2n—3) =0

—B(1—n)*(=1)+C(2n—1)(2n—2)(=1) = D(1 —n)3(2n — 1) + E(2n — 1)(2n — 2)(2n — 3) = 0,
O—TB(n —-1)3=2C(n—1)2n—1)+Dn—-122n-1)+E-2(n—-1)(2n—1)(2n —3) =0

Thus we have

20(2n—1) =2E(2n—1)(2n—3)+ D(n—1)?(2n — 1) — B(n — 1)?
2(2n — 1)%(n — 2)%(2n — 3)

2(n—1)*2n—1)*> 2(n—-1)*2n 1)

n?(2n — 3) n? n?
THen
n?’C =—-2n—-1)(n—-2)2+(n—-1)>22n—-1) — (n — 1)?

=@2n—-1[-n?+4n—4+n?-2n+1]— (n— 1)

=2n-1)(2n—-3)— (n—1)2

=4n? —8n+3-n?+2n—1

=3n?—6n+2
Hence

o 3n? — 6n +2

n2

2(2n — 1)

2021 — 1)

g (n=2?%
2(2n —3)

(2n —1)(n —2)?

n?(2n — 3)
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k=n—-1: 2n—-1)2n-2)2n—-3)+ A(1)(2n —2)(2n —3) = B(n—1)3(2n —3) — D(n — 1)3(1) =0

(2)7(ﬂQn —1)(2n —3) +2A4(2n —3) — B(n —1)2(2n —3) — D(n — 1) =0,
2A(2n —3) = —2(2n — 1)(2n — 3) + 22n = 1)(nn_2 D*Cen=3) | 20n- ;)2(71 —1°
Hence we get
n?(2n —3)A =-n?2n—1)2n—-3)+ (2n—1)(n —1)%(2n — 3) + (2n — 1)(n — 1)?

=(2n—-1)[2n -3)(-n?+n?—2n+ 1)+ (n —1)?]
=(2n—1)[-4n*> +8n -3 +n?—2n+ 1]
= —(2n —1)(3n? — 6n + 2).

We now have
_ 2 _ _
A:_(Qn 1)(3n 6n+2)7B:2(2n 1),C 7 ’
n2(2n — 3) n? n? n? n2(2n — 3)

The desired recurrence relation is therefore

2_ — _ _9)2
+3n 6n+2D 2(2n 1E_ (2n —1)(n 2).

n?(2n — 3)Z,(t) — (2n — 1) [3n® — 6n + 2 — 2(2n — 3)t| Z,_1(t)

+(2n —3)[3n? — 6n + 2+ 2(2n — 1)t]Z,_2(t) — (n — 2)%(2n — 1) Z,,_3(t).

Note the one sign change from that in Sister Celine’s paper. The sign was correct
in her thests.

Problem 2. Show that Sister Celine’s polynomial f,(a;—;x), or

1
Fn(x) = 3F2 (—n,n—|— ].702;1, 2,5E>

has the recurrence relation

n (@)~ [Bn-2-4(n—14a)e] fu1 (2)+ Br—4—4(n—1—a)a] fuo () (n—2) fu_s() = 0.

Solution 2. Consider

1
fn(x) = 3F2 <n,n+ 1,&,1,27.’,5) )

for which we seek a pure recurrence relation.
Now

L& (DRt R (@)rat s (—1)E(n+ k) (a)(4z)k
Jul@) =3 mm—kmmmi - M@MKn—%! ‘

k=0 k=0

Put

(D" (0 + k)l (a)s (42)*

€thm) = T 2min — k)l

Then
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oo

fn(x) = ZG(]{Z,’N,),

k=0

= (=1)F(n - l(a)r(4z)F  n—
st = Y SO 5 2,

= EN2k) (n —1—k)! 2tk
S (n—k)(n—k—1)
fn—a(x) _kzzo(nJrk)(nJrk—l)e(k )

Furthermore,

L (=1D)F(n =14 k)l(a),(4z)k+!
(4z) fr-1(z) = Z s k(;!(zk)!(n_)l(_)k]s)! )

_ e (EDF N0 = 24 B)(a)k1 (4a)"
=2 (k—l)!(2k—2)!(nk—k)!

k=1
O —k - 2k(2k — 1)
7];0(n+k)(n+k—1)(a+k—1)6(k’n)’
and
o (=DF(n =2+ B)!a) (4)F T M =34 k)l (a)n—1 (42)"
(42) fr—a( z% K'(2k)!(n — 2 — k)! z; D2k —2)!(n—1—k)!
e —k(2k)(2k — 1)(n — k)
(o) faa(@) = 3 (m+k)(n+tk—Dn+k—2)a+k— 1)6(1‘””)'

k=0
We therefore seek an identity of the form

fn(@) + [A+ B(4x)] fu-1(2) + [C + D(42)] fr—2(x) + Efn-s(z) =0,
in which A, B,C, D, E may depend upon n. We are thus led to the identity (in
k)

n—k 2k2(2k — 1) (n—k)(n—-k-1)
R (X [ T e A CE R (R a )

2k%(2k — 1)(n — k) m=—k(n—-k-1)n—-k—2)
_D(nJrk)(nJrk—1)(n+k—2)(a+k71)+E(n+k)(n+k—1)(n+k—2)

or

=0,

(2) (n+k)(n+k—=1)(n+k—2)(a+k—1)+A(n—k)(n+k—1)(n+k—-2)(a+k—1)

—2BK*(2k —1)(n+k—-2)+Cn—k)(n—k—1)(n+k—2)(a+k—1)
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—2DK*(2k —1)(n—k)+ E(n —k)n—k—1)(n—k—2)(a+k—1)=0.
We need five equations for the determination of A, B,C, D, E.

Use
k=n: 2n(2n —1)(2n — 2)(a +n — 1) — 2Bn?(2n — 1)(2n — 2) =0,
or
a+n—1-—Bn=0 B:a—&—n—l.
n
k=1-a: —-2B(1-a)*(1-2a)(n—1-a)—2D(1—-a)?*(1-2a)(n—1+a)=0,
or
—1—a)B
Bn—1—a)+D(n—14a)=0 ;D:_(n a)
a+n—1
_ n—-l-a
B n
k=2-n: —2D(2-n)%*(3—-2n)(2n—2)+ E(2n—2)(2n —3)2n —4)(a—n+1) =0,
or
D(n—2)+E(a—n+1) = 0; po__=2
- - 14a-n
__n_
B n
k=0: nn—1Mn-2)(a—1)+An(n—1)(n—2)(a — 1)+ Cn(n—1)(n —2)(a — 1)
+En(n—1)(n—2)(a—1)=0
and
coeff k% : l1-a—4B+C+4D—-E=0
k=0: 1+A+C+E=0.

Hence

2+2C —-4B+4D = 0.

Therefore we have

¢ =-1+2B-2D
2E+2n—-2  2n—2—2a
n
from which we get
C:3n—4.
n
Finall,
3n—4 -2
A=-1-C-E=-1-2" 1
n
so
A:73n72
n

Thus we obtain
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nfn(@)=[(3n—2)—(4z)(a+n—1)] fo_1(x)+[Bn—4—4z(n—1-a)| frn_2(x)—(n—2) fn—3(x) = 0.
Problem 3. Show that Rice’s polynomial (see Section 147, page 287)

Hn = Hn(C’p7v) = 3F2(—n,n + 1aC7 l,p,U)

satisfies the relation

n(2n—3)(p+n—1)H,—(2n—1)[(n—2)(p—n+1)+2(n—2)(2n—3)—2(2n—3) ((+n—1)v]H,,_1+(2n—3)[2(n—1)*—n(p
Solution 3. Now
Hn(C7pvv) :3F2(*n7”+1,431,p§v)

_ N EDF A R
-2 (D2 (n = E)!(p)x

Then

= (n—-k)(n—k—1)
o2 =2 k= )
—B)(n—k-D(n—k-2)

N
Hn73—kzzo((n+k)(n+k—1)(n+k—2)

e(k,n),

& (EDH(Qrln = L R & (=1 (O (n — 2+ R
VHo1 = R 1 B (k= 1)P@)r-1(n — k).

k=0 k=1
w —k*(p+k—1)
S e R e G
and
O —k2(p+k—1)(n—k)
VHae =) o h Dtk DT R )

k=0
Then there exists a relation

H,+ (A+Bv)H,_1+ (C+ Dv)H, o+ EH,_3 =0,
in which A, B,C, D, E depend upon n alone. We are led to the identity in k:

(n+k)(n+k—-1)n+k—2)C+k—1)+An—k)(n+k—1)(n+k—-2)((+k—1)
—-Bk*(p+k—1n+k—-1)+Cn—k)n—k—1)(nr—1)(n+k—-2)((+k—1)—Dk*(p+k—1)(n—k)
+En—k)(n—k—-1)n—-k—-2)(C(+k—-1)=0

We now solve for A,B,C,D, E :



k=1-¢
k=n
k=2—-—n:
k=1-n
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~B(1-¢)*(p—-¢)n—(~1)=D1-¢)*p—)n—1+0); po—Bla-¢-1

n+¢—1
(2n)(2n — 1)(2n — 2)(C +n — 1) — Bn2(p+n — 1)(2n — 2) = 0; B= Q(Q”nznli(z “_L i)_ D
D— -22n—-1)(n—¢—-1)
nn+p—1)
D@2 -n)?(p+1—n)2n—2)+ E@2n—2)(2n - 3)2n — 4)(¢C + 1 —n) = 0; p_ (n=2(p+1-n)

22n —3)(C+1—n)
_ (n=2)2n—-1)(p+1—n)
n(2n—3)(n+p—1)

. —B(1-n)2(p-n)(-1)+C2n—-1)2n—2)(=1)( —n) — D(1 —n)%(p —n)(2n — 1)

+E(2n —1)(2n —2)(2n — 3)(p —n) = 0;

we have

B(n—1)(p—n)—2C(2n—1)(¢—n)—D(n—1)(p—n)(2n—1)+2E(2n—1)(2n—3)(p—n) = 0,
—@2n-1+p-1n-1)(p-n)
n(n+p—1)

+2(n —2)2n—1)(p+1-n)92n —1)(2n — 3)(¢ —n)
n(2n—-3)(n—p—1)

22n—1D(n—-¢C—-Dn—-1(p-n)(2n—-1)
n(n+p-—1)

—20(2n—1)(C—n)+

207

or

n((—n)n+p-1C =n+(-LHrn-1p-n)+n-C-1)Hn-1)(p-n)(2n-1)
+(n—2)(p+1—-n)2n—1)(p—n)
=Mm-Dpp-n)hn+(-1+n-C-1)2n—-1]+n-2)(p+1-n)2n—-1)((—n)
=-=2n-1>%p-n)(¢C—n)+(n—-2)(p+1-n)2n—-1)(¢ —n).

Hence
nn+p-1C =-2(n-1>*p-n)+@m-2)2n-1(p+1-n)
=2 -1 p-n+1)+2n-1)2%2+n-2)2n—1)(p+1—n)
=2n—1)2+(p—n+1)[-2n%+4n — 2 +2n% — 5n + 2]
—2(n—1)? —n(p-n+1),
s0
C_ 2n—1)2 -n(p—-—n+1)
- n(p+n—1) '
Finally,
coeff k*:1—-A-B+C+D—-E=0.
Then

A=1-B+C+D-FE

SO
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n(2n—3)(p+n—-1)A =n@2n-3)p+n—1)-22n-3)2n—1)(n+¢—1)
+2n=3)2(n—1)2 —=n(p—-n+1)] -22n-3)2n —2)(n — ¢ — 1)
—(n=2)(2n-1)(p+1—n),

n2n—3)(p+n—1)A =2n—-3)[pn+n? —n+2n? —4n+2 —pn +n? — n]

—2n—1D22n =3)(n+¢-1)+222n - 3)(n—C— 1)+ (n—2)(p+ 1 —n)]
22n—-3)(n—1)(2n—-1)—-22n—1)(2n —3)(n+ ¢ —1)
(20— D220~ 3)(n —p— 1) + (1~ 2)(p+ 1~ )
2n-1)22n-3)(-n—-C+1—-n+(+1)+2(n—-1)2n—-3)—(n—2)(p+1—n)
(2n — 1)[4(n —1)(2n —3) +2(n — 1)(2n —3) — (n — 2)(p + 1 — n)]
—2n—1)[(n—2)(p+1—n)+2(n—1)(2n — 3)].

Hence we arrive at the recurrence relation

n(2n-3)(p+n—-1)H,

—2n—D[(n—-2)(p+1—-n)+2(n—1)2n—3) —2(2n —3)(n+p — 1)v]|H,_,
+(2n —3)2n—1)2 —n(p+1—n)—22n —1)(n —p — 1)v]H,_»
+(n-3)(2n—-1)9%+1—-—n)H,_3 =0.
Problem 4. Show that the polynomial

which is intimately related to Bateman’s J}'¥ of Section 147, page 287, satisfies
the relation

(atn)(B+n) fu(2)~[3n* =3n+1+(2n—1)(a+B)+af—2] fu1 () +(n—1)(3n—3+a+p) fu—a(x)— (n—1) (n—2) fu_s!
. B e ) — " (=1)Fnz*
Solution 4. Let f,,(x) = 1Fo(—m; 1+a, 1485 z) = kZ:O KL+ )1+ B)rln — k)"
fn(z)
n!

L (1)t R
908 = X BT e 1 Bt 2 )

k=0

. Then

Put gn(z) =

Now

9010 = D A T an (0 Bl — T — 2o Pelkm)

k=0 k=0

and

In—2( Z (n—k—1)e(k,n)

k=0
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gn—3(x) = Z(n —k)(n—k—-1)(n—k—2)e(k,n).

k=0
Also
B oo (71)kxk+1 7 - (71)k71xk
gn-1(r) = kz:;) K1 +a)—k(+Ban—1—k)! ; k- DI+ )e1(1+ B)r1(n— k)
2gai(2) = 3 —k(a+ k)(B + k)e(k,n).
k=0

Then there exists the relation
gn(m) + (A + Bx)gnfl(x) + anfQ(x) + Dgn73<x) =0,

with A, B,C, D dependent only on n.
We are led to the identity in k

1+ A(n—k)— Bk(a+k)(8+k)+C(n—k)(n—k—1)+D(n—k)(n—k—1)(n—k—2) = 0.

Then use
1
k=n: 1—Bn(a+n)(8+n) =0; B:m.
coeff k3: —B-D=0; p—___—t
n(a+n)(f+mn)
ken—1: 14+A-Bn-D(a+n-1)B+n—1)—0 a—n=Datn=DB+n-1-na+n)(f+n)

n(a+n)(8+n)
3n?—3n+1+(2n—1)(a+B) +ap

n(a+n)(f+mn)

k=0: 1+ An+Cn(n—1)+Dn(n—1(n—-2)=0
Then

nn—1(a+n)(f+n)C =—(a+n)(f+n)+3n—-3n+1+(a+p)2n—1)+ab+(n—1)(n—2)

=-n?—(a+B8)n—af+3n?-3n+1+(a+B8)2n—1)+aB+n%—3n+2

=3n?—6n+3+(a+p)(—n+2n-—1)

=3(n— 1%+ (n—1)(a+p)

=mn-1)Bn—-3+a+/p]

So

n—3+a+p

n(a+n)(B+n)
We thus find that

n(a+n)(B+n)gn(z) — [3n* = 3n + 1+ fn — D) (a + B) + af — 2]gn-1(x)
+(B3n =3+ a+ B)gn—2(x) — gn-s(z) = 0.
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Now g,(x) = fné'm) Hence we get
e e e e (e

(@ +n)(B+n)falz) = [30® =3n+ 1+ (2n — )(a + ) + aff — 2] fn-1(2)
+(n - 1)[3n —3+a+ B}fn—Q(x) - (n - 1)(” - 2)fn—3(x) =0.
Problem 5. Define the polynomial wy,(x) by
= (—D)FnlLy(2)
)= 2 T — bt

in terms of the Laguerre polynomial Ly (x). Show that w,(x) possesses the pure
recurrence relation

2wy, (x)—[(n—1)(4n—3)+a]w,_1 (2)+(6n*—19n+164+2)w, o (z)—(n—2)(4n—9)w, _3(x)+(n—2)(n—3)w,_4(x) = 0.
Solution 5. Let

& (1)l ()
) = 2

in terms of the simple Laguerre polynomial. We know that

(1) nZ,(x) —2n—1—2)L_1(z)+ (n—1)L_2(x) =0
and we seek a recurrence relation for wy(x).

n -1)*4
Put wn('x) = ¢p(z) and W = gr(x).
Then

(=1 (B ?kgr () = (=) (k=) (2k—1=2)gp—1 () +(=1)*?[(k=2)!] (k=1) gr—2(z) = 0,

E3(k — Dgp(z) + (k= 1)(2k — 1 — 2)gp_1(x) + gr_2(z) = 0.
Also
= (@) & gk(@)
¢"(x)_k§%(n—k)! _kz:%(n—k)!'

Then
) ,1(m)=§:(n—k) 9x(2) P ,g(x):i(n—kw—k—n 95()
" P (n— k)’ " Pt (n— k)’
bus(r) =S k) — kD k—2) 2 ) =S B — k- 1) k- 2)(n— k—3) 2

k=0 (n —k)! =0 (n—k)!
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We first wish to fins A, B,C, D, E so that
A (2) + Bon1(x) + Cp_2(z) + Ddp_3(z) + Epp_a(z) = >
The above requires that A to E satisfy the identity in k,

A+B(n—k)+C(n—k)(n—k—1)+D(n—k)(n—k—1)(n—k—2)+E(n—k)(n—k—1)(n—k—2)(n—k—3) = k*(k—1).
We thus get

k=n: A=n3(n-1)

coeff k*:  E=1

coeff k3:  —-D—E(n+n—-14n—-2+n-3)=-1
or

D+4n—-6=1,D=—(4n—1)
k=n—-1: A+B(1)=(n-1)3(n-2)
B=mn-13Mn-2)-n*(n—1)=(n—-1[(n—-1)>2(n—3) —n?
B = —(n—1)(4n? —5n + 2).
k=n—-2: A+2B+2-1-C=(n-2)3n-23)
2C =(n—2)3n—3)— N3(n—1)+2(n—1)4n* — 5n + 2)
= 12n2 — 30n + 20

So C = 2n? — 15n 4+ 10. We now have

(1) 03— 1Déu(@) - (n—1)(dn® — 5+ 2)éu_1(2) + (5 — 150+ 10)dy_a(x)
[ee) 3 _ T
—(4n = T)¢n_3(x) + dp_a(z) = W‘
k=0 '
From

(]571,1(56') = Z (TL 3161(:11) k)"

k=0
we get, with our usual convention that gs(x) =0 for s < 0,

bn1(z) = gr—1()

and in the same way

(n—k)!
k=0
- —1(7)
bn_3(z) = ];)(n —k)(n—k— 1)?7’; e

We now wish to find F,G, H, so that

Fnor(a) + Goa(o) + Honale) = 3 (k — 1)(2k 1) g’“—l@,
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We thus arrive at the identity

F+Gn—k)+Hn—k)n—-k—1)=(k—-1)(2k—-1).
Hence

k=n: F=mn-1)2n-1)
coeff k2: H=2

coeff k: —-G—-—Hn+n—-1)=-3
G+22n—1)=3
G=—(4n—5)

Therefore we get

(2) (n—1)(2n—1)¢,_1 (2)— (4n—5) o (x)+26, _s( f: 2’“ - 1))% 1)
k=0 ’
From A1¢n—1(2) + Bidn—2(x) = Z _(k(_nl_)g]f)_!l(x)7
we determine Ay and By by w0
A1+ Bi(n—k)=—-(k-1).
Then Ay = —(n—1),B; = 1. Hence
v (k= Dgia(2)
B) Do)+ () = 3
Also
v gk(@) O gra()
@ ¢"‘2($)*l§(n —k2—1<;)| *];(Z—k:)'
Since
i Rk = Dgi(x) + (k= 1)k — 1 — 2)g1(2) + gr2(2) _

poars (n—k)!
we may combine (1), (2), (3),(4) to get

n?(n —1)¢n(x) — (n = 3)(4n? — 5n + 2)¢y—1(2) + (6n* — 151 + 10)¢n 2 (x)
—(4n = T)pn-3(2) + Pn—a(x) + (n = 1)(2n — 1)¢n—1(x) — (4n — 5)¢p_3(x)
+2¢n—3(x) — (n = D)adn_1(x) + 2dn—2(x) + ¢p—2(z) =0,

n3(n—1)¢gn(z) — (n—1)[(4n® — Tn+ 3 + 2)dp_1(x) + (6n® — 190 + 16 + x)dy,_o(x)

_(4n - 9)¢n73(x) + ¢n74(x) =0

We recall that ¢y, (z) = w?;l('x)

and use it to obtain the final result:

n2wy, () —(4n* =Tn+34+2)w,_1 (2)+(6n* —19n+164+2)w, o (z)—(n—2) (4n—9)w, _3(x)+(n—2)(n—3)w,_4(x) = 0.



134SOLUTIONS BY SYLVESTER J. PAGANO AND LEON HALL; EDITED BY TOM CUCHTA

Problem 6. Show that the polynomial wy,(x) of Exercise @ may be written

R N [
pard 1+ k; (k1)

Solution 6. Consider

Let us form

n!
n

< (=1)*Z ()"
_T;k; (K)2(n — k)]

> (=1D)F Lzt
- Z ( )(k';;(nl)

kJrs sthrk

- E:kmly —s)!

k=0 s=
o (_1)k etn—i-k

(12K (k + 5)!

k,s,n=0
Then

x n k rSgnts

ZZ s‘Qk'nf E)(k + s)!

n,s=0 k=0
n; xstn+s

=2 b e

n,s=0 1+ s;
—n 4+ s;

Hence
—n 4+ s;
1+ s;

n —n+S; p
_ (—n)s(—x)*
= E 1 1 3
s=0 1 —+ S3 (S)
as desired.

Problem 7. Define the polynomial v, (x) by (see Section 131, page 251)

n

'Pk)
Zku i

=0
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in terms of the Legendre polynomial Pyx(x). Show that v, (x) satisfies the recur-
rence relation

n2vp, (z)—[4n? —5n+2—(2n—1)z]v, 1 (z)+[6n*—15n+11—(4n—5)2]v, o (z)—(n—2)(4n—T7—22)v, _3()
+(n—2)(n —3)vp_a(z) =0.

Solution 7. Consider

2 (k)2 (n — k)

v (x —1)*Py(z
Put nrf' ) _ on(x) and (1()]6'1)3;( = gr().

We know that Py(x) satisfies the relation

k‘Pk(X) — (Qk — 1)33Pk_1(a:) + (]{; — 1)Pk_2($) =0.
Hence gi.(x) satisfies

(=" (k) gi ()= (=1)* 7 [(k=1)!]* (2k—1)zg—1 (2) +(=1)* 72 (k=1)[(k=2)!]*gr—2(x) = 0,

or

(1) K= Dge(@) + (k= 1)k — Dage1(x) + gus(x) = 0.
Also

@ =3 20

k=0
Because of the identity of form of equation (2) with the corresponding relations
of Exercise[J, we may write immediately

(3) n*(n — Don(z) — (n — 1)(dn* — 5n + 2)o,_1(x) + (6n? — 15n + 10)0,_o(z)

o~ k3 (k-1
—(4n —T)op_3(x) + opn_u(z) = ]; (n(—k)!)gk(x)'
In the same way we use the work in Exercise[J to conclude that

= (k—1)(2k — 1)gp_1(x)
(n—k)! ’

(4) (n=1)(2n—1)op-1(x)—(4n—=5)0p—2(x)+20,_3(x) =
k=0
and

(5) Gua@) =S f,];_f%)!'
k=0

Since

S 20 = Doule) + (b= D2k = Drgios(e) + guadi) _

P (n—k)!
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we get from (3), (4),(5) that

n3(n —1)o,(r) — (n— 1)[4n® = 5n +2 — (2n — D))o, _1(2)
+[6n2 — 15n 4+ 11 — (4n — 5)z]on_o(x) — [4n — 7 — 22]0, _3(x) + 0p_a(z) = 0.

But o, () = Un ('x) Hence we arrive at the result
n!

n2v,(z) — [4n? —5n+2 — (2n — 1)z]v,_1 () + [6n — 150 + 11 — (4n — 5)x]v, _2(2)
—(n—2)(4n — 7 —22)vp_3(x) + (n — 2)(n — 3)vp_a(z) = 0.
Problem 8. Show that the v, (z) of Ezercise[] satisfies the relations

(1 —2*W/!(x) — 220/, (2) + n(n = v, (z) = 2n%v,_192) — n(n — 1)v,_o(x)

and

(1—2*)) (x)+nzv,(z) = [2n—1)z—1]v,_1(2)— (n—1)zv, _o(2)+(1—2%)v),_,(2).
Solution 8.
Problem 9. Let

(1 (3)n-r(20)" 2
(ki) = k!z(n —k2k)! ’

so that the Legendre polynomial of Chapter 10 may be written

Puw) = > 4k, n).

k=0
Show that
P =3 oy P =2 g
OOk:O ko:oo
2Py (x) =Y (n—2k)y(k,n), Phi(x) =) (1+2n—=2k)y(kn),
k:o% k=0
P/ _(z) = Z —2ky(k,n), etc.
k=0

Use Sister Celine’s method to discover the various differential recurrence rela-
tions and the pure recurrence relation for Pp(z).

(1) (ns20)
El(n —k)!

Solution 9. Let y(z,n) =
Then

o0
Pale) = 3 40
k=0
with our usual conventions. Also
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2472 k(0 — 1 2K)! Zao(n— k1
vP-a(@) Z:;) 2nn—ézk— {7k
Next
o (1)F(F)n—2-k(22)" 272
Frale) = kZ:O kl(n — 2 — 2k)]
N (1) ($) -1k (20)" 2
- ; (k—Dl(n—2k)!
so that
Poa(z) = kzzo 7—11 %v(k’n) = kzzo o :22,57 (k7).
Now
0 _1yk(l -2k 2
op(e) = Y St Bl S gk )
k=0 k=0
and
X (_1)k 1k - T n—2k 00
Pl i (z) = Z = (2]);(2 _k2k2)('2 ) = 2(271 — 2k + 1)vy(k, n).
k=0 k=0
Finally,
, B o0 9— 1)k(%)n_1_k2(2x)n7272k
Paa(@) _kZ:O kl(n— 2 — 2k)!
= (S () a2
- ; (k—1)l(n — 2k)!
= Z _2k7(kvn)
k=0

Problem 10. Apply sister Celine’s method to discover relations satisfied by the
Hermite polynomials of Chapter 11.

Solution 10.

Problem 11. Find the various relations of Section 114 on Laguerre polynomials
by using Sister Celine’s technique.

Solution 11.



138SOLUTIONS BY SYLVESTER J. PAGANO AND LEON HALL; EDITED BY TOM CUCHTA

Problem 12. Consider the pseudo-Laguerre polynomials (Boas and Buck [2;16])
fn(x) defined for nonintegral A by

_ no, "
falz) = ( Tj)anl(—n;l—i-)\— n;x) = Z(klg\g"_’;)‘
' k=0 :

Show that the polynomials f,(x) are not orthogonal with respect to any weight
function over any interval because no relation of the form

is possible. Obtain the pure recurrence relation
nfp(z)=(x+n—-1=X)fr_1(x) — xfn_o(x).
Solution 12. Consider f,(x) defined by

_ (M . Co) — - (=N)n—pa”
fulw) = i Fi(=ni 14 ”’@—kzzom-
Put
_ (=A)n”
ethm) = S =
Then
= ek,
k=0
> ( DY L n—
frn-1(z) = €(k,n)
k:Ok' n—1-—k)! ko)\+n—1—k
> E)(n—k—1)
n— k’
Jn—al 2 )\+n—1—l<;)(—/\+n—2—k)6( n)
and
o0 o0 k oo
o n 1— kl’ _ _
-l _Z k'n—l— Z —1 n—k) Zke(k,n)
=0 1 k=0
(N pz®tt &K (N )zt = k(n—k)
fnoa(a) = 3 Ik =5 207 Y ().
— Elln — 2 —k)! kzo(k‘—l)!(n—l—kj)! k:O—)\+n—1—k
Now consider
Tn = fn(-r) - Anfn—lgl‘) - anfN—l(x) - Cnfn—Z(x)
At once
> n—k (n—k)(n—k-1)
T, = 1-A,——— - B,k—C, ,n).
" kZ_o[ iy Wy S ULy sy wrapray s oy wraprp py | G

If T,, =0, then the following must be an identity in k with X\ independent of n:



SOLUTIONS TO RAINVILLE’S “SPECIAL FUNCTIONS” (1960) 139

(1) (=M n—1-k)(=M+n—2—k)+ A, (n—k)(—A+n—2—k)—B,k(—A+n—1-k)(A+n—2—k)—C, (n—k)(n—k—1) = 0.

From the coefficient of k> we see that B,, = 0. Then T}, = 0 is impossible because
fn—1(x) and fn_o(x) are of lower degree than f,(x).
Now consider the identity

fn(-r) - anfn—l(x) - Enfn—l(x) - Fn$fn—2(m) =0.
We need to determine D, E,, F,, to satisfy

n—k k(n —k)

1= Dk — By — g, T2,
“A+n—1—-k “A+n—1—k 0
or
(2) —A+n—1—k—Dpk(-A+n—-1—-k)—E,(n—k)— F,k(n—k)=0.
1

k=mn: —x\—l—Dnn(—)\—l):O;Dn:gor)\:—l
coeff k2 : Dn-f-Fn:();Fn:_l

n

- 1

k=-A+n—1: (—A—l)En+(>\—1)Fn(—/\+n—1):O;En:A++.

Hence, either A= —1 or

nfn(x) - xfn—l(x) - (_)‘ +n— 1)fn—l(x) + xfn—2(x) =0,

nfn(r) =[x +n—1-=Nfu1(z) —2fr2(z) =0,
as desired.

For the polynomials in each of the following examples, use Sister Celine’s technique
to discover the pure recurrence relation and whatever mixed relations exist.

Problem 13. The Bessel polynomials of Section 150.
Solution 13.

Problem 14. Bendient’s polynomials R,, of Section 151.
Solution 14.

Problem 15. Bendient’s polynomials G, of Section 151.
Solution 15.

Problem 16. Shively’s polynomials R, of Section 152.
Solution 16.

Problem 17. Shively’s polynomials o,, of Section 152.
Solution 17.
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17. CHAPTER 15 SOLUTIONS

E
In Exercises (I8} H,(x), P(z), L,(x) denote the Hermite, Legendre, and simple
Laguerre polynomials, respectively. Derive each of the stated symbolic relations.

Problem 1.
Hy(z +y) = [H(x) +2y]".

Solution 1. Consider

> Hp(x + y)t"
Z ( Y)

o exp[2(z + y)t — t?]

n=0
exp(2yt) exp(2xt — t2)

( (2y ”t") (i Hn(x)t">
o n!

(2y)"~ ka )n
nOZ k'n— — b

It follows that

" n!(2y)"~* Hy,(x)

Ho(w+y) = M(n — k)]

k=0
or its equivalent
H,(x+y)={H(x)+2y}".
Problem 2.

n

[H(x) + H(y)]" = 2% H,(27% (2 + ).
Solution 2. Consider

= [H(z) + H(y)]"t" Hy(x
Z[ ()4‘”'(2!)] _ZZ k'n— )

n=0 ' n=0 k=0
~ Ho (o)t [ = Hp(y)t"
(b (e
= exT;(QS:rt —t2) exp€27yt —1?)
= exp[2(z + y)t — 2t?]
_ z+y _
— e [2( 220 (van - vy

It follows that

r+y
H(x)+ H(y)|"t"
S B A (%) |

n=0 ’ n=0

or

{H(z) + H(y)}" = 28" H, (x\—/gy) _
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P(z) = n! [L (1;33) _L<1;x>r

Solution 3. Consider

Problem 3.

o0

> o (s Jon (L ).

Now
o (— L —yt) =Y fng)tn.
n=0 :
Hence
= P (2)t? . o1 By os
(S ()
L R (),
_ZZ kkl(nk)lk( >t
n=0 k=0
Hence
Sl DR 2 (1)
Pn(x)—n!z e k ’
k=)
1—z 1+z\)"
wreeleli) < (59)
Problem 4.

(71)kPn—2k(I)t”

" = K n—2k)!
00 -1 nt2n 0 Pn L)
() ()
= e_t2eajt0F1 (_’ 17 ‘[';(1‘4—1))
= @) ($5 () P
_ o n (_1)kPk($)Hn7k;(l‘)tn
_TLZ—OkZO k!'(n — k)!

It follows that

141
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Ven! Py, (2) Hy— g (z)

H( ) 2 R — k)]

= {H(x) - P(x)}" .

M:

Problem 5.
[H(x) — 2P(2)] "+ =0,

[H(z) — 2P(2)]*" = (—1)"2*" (;) L,(z* —1).

Solution 5. Consider

1+ (z) —2P(x)|"t"

L :Z nl
x)Hp, tm
230y )

n=0 k=0

~ Hy (o)t [ o= Po()(—2t)"
(5 ><§< )
= exp(2xt — t?) exp(—2xt)o F} | —; 1; w

= exp(—t2)oF1(—; 1;t3(2? — 1))

> ”fx—ltzn
;() At}

It follows that

and

()~ 2p(@n = SR g 2y = i

Problem 6.

Solution 6. Consider
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=\ [H(z) — P(2x)]"t" = (=D Py (22) Hyy e ()™
@) = PEPE g5 g (D P20 i)

— n! — kl(n —k)!
n= n=0 k=0
= Hy (2)t" ) [ o= Po(22)(—t)"

- (nz_% n! > (7;) n! 2 )

= exp(2zt — t?) exp(—2xt)o F1 | —; 1; t<4$4_1))

= exp(—t*)oFy (—; L —(—t*)(2® - i))

_ 00 (_1)ngn(x2 _ i)th

— n! '

We may conclude that

[H(z) — P(2z))>" " =0
and

n . (ED)"20)G (2 — ) oo (1 1
[H(z) - P(22)>" = = i) _ (o2 <2)n$n (x - 4)
Problem 7.

Solution 7. From

S HAGH@)" &
) DD

— == kl(n — 2k)!
(1) [~ Hp(2)t"
(£ (£ )
= exp(—t?) exp(2zt — t?)
= exp(2xt — 2t%)

= exp |2 (\%) V2t — (\/Qt)ﬂ

H,(2)(V2)"

we may conclude that

Problem 8.

Solution 8. From
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(oo}
H "
S T (gt - )

n!
n=0

exp(2xt — t?) exp[2z(y — 1)t]
= H,,(z)t" = [2z(y — 1))t
_ Z 7<1!> )(Z[ <yn! )] )

= [22(y — D H, i ()"
:ZZ[ (v k!(ﬁk)!k() ’

it follows that

Hy(zy) = [H9z) + 22(y — 1)]™.

Problem 9. Use Laplace’s first integral for P, (x) to derive equation (20), preceding
these exercises.

Solution 9. We know that
1 s
P,(z) = f/ [ + V22 — 1cos ¢]"do.
0

’Un(.r): Z kl) n'Pk )

!
= (R (n

Hence

de

vp ()

/” T+ VrZ—1cose
0

pard 2n—k)!

7/ % (Q:Jr flcosgﬁ)dgb.
T Jo
Problem 10. For the v,(z) of equation (15), page 251, evaluate

/ (@) (),

—1
and use your result to establish equation (21), preceding these exercises.
1
Solution 10. For the v,(x) of E:cerciseH we wish to evaluate / U () P (x)dz.

-1
Now

/ vm(a?)Pk(m)dx:/_l Py(z) M

1 = (sh)?(m —s)!

Hence, if m < k, then s < k and we obtain

/1 U (2) P (2)dz = 0,m < k.

-1
If m >k, we get
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T D2 m— )2k + 1)
Now consider/ o (z) v (x)d.

-1
Let m >n. Then

/1 U () Uy, (x)dx /vn i CE m'Pk )dx

-1

For k > n the integrals involved in the sum are zero. We may therefore write

1 1)l 1
[1vn($)v,,L(x)dx zz(k!()z(lr)n_;)!/lvn(x)Pk(x)dz

= (=D)Fm! (=1)*2 - n!
B 2) (kD)2 (m — k)l (k1)2(n — k)!(2k + 1)

Hence, since m and n are interchangeable,

1
/ Un () U (x)dx = 23 F)y
1

Problem 11. Show that

+x

(y+2)"P, <z — x) = nl{L(z) - L(y)}".

Solution 11. Consider

S I o (o Y o <_.1.f<y+x>[z+i+u>
- s L3 2 1 3 4y 2
= oF1(—; 1; —at)oF1(—; 15 yt)
=e'oFi(—; 1, —at)e Yo Fi(—; 1; —y(—t))
< 2 (@)t (SN (—1)" L)t
(E 2k (£
& (=D)L () L ()"
=22 kf((r?jk)!k e

n=0




146SOLUTIONS BY SYLVESTER J. PAGANO AND LEON HALL; EDITED BY TOM CUCHTA

We may conclude that

- Vel L (y) Lk (
oare, (552) -u3 ULt
= {-i”() ZLy)}",

as desired.

Problem 12. Define polynomials ¢, (x,y) by

On(z,y) = Hy (xL(y)) .
Show that

o On(, )"

E M = exp(2xt — t*)o Fy (—; 1; —2xyt).
n!

n=0

Solution 12. We define ¢, (x,y) by

Sn(z,y) = Ha(eZ(y))
(5] (71)kn!2n72kxn72k$n_2k(y)

prd El(n — 2k)!
Then
Pn(x, y)t" (D)L ()t
Z n! N Z kin!
n=0 n,k=0
oo
Zn(y)(2xt)
— 2
exp(—t*) Z_% p
= exp(—t2) exp(2zt)o F1 (—; 1; —2xgt)
= exp(2zt — t2)o F1 (—; 1; —2zyt),
as desired.

18. CHAPTER 16 SOLUTIONS
el
Problem 1. Let

nplaB) (1
1 P! S
( + ) <1+:1c>

(1+a)u(l+B)n

Use Bateman’s generating function, page 256, to see that

gn(z) =

oo
D gn(@)t" = oFi(—; 14 a; —at)oFi(—; 1+ B;)

and thus show that, in the sense of Section 126, g,(x) is of o-type zero with
= D(0 + «). Show also that g, (x) is of Sheffer A-type unity.
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Solution 1. Let

(1 + )" PP (122

1+ a)n(1+P)n

gn(x) =
Then

SRR 0 i €= D)
2t =2 T,

n=0

= oF} <;1+a;t(1+$) <1z1>>0F1 (;1+ﬂ;t(1+x) [erl])

2 1+ 2
= ol (=5t + oy —at)oF1(—; 1+ Bt).
We now see that with o = 2(0+a), gn(x) is of o-type zero with A(t) = oF1(—; 1+
Bit), H(t) = —t,J(t) = —t.
Since ogn(x) = gn—1(x), it follows that in the Sheffer classification notation

J(x,2) =20+ «)
=922+ a)
=(1+a)2+z2%
Thus To(z) = 1 + a,T1(x) = z,Ti(x) = 0 for k > 2. So g,(x) is of Sheffer
A-type unity.
It might be of interest to see what we get on P,E”“ﬁ)(:c) because of the fact that
gn(x) is of o-type zero.

Problem 2. Show that

22 (a-+B+n) DPL (2)+[x(a—B)~(a+B+2m)] DP™ () = (atB4n) 20 PP ()~ (a=B) P2 ()],
which reduces to equation (2), page 159, for a = 8 = 0.

Solution 2. From equation (3), page 457 and (6) page 450 we get, with 9 = %,
(1) (@Dt 2P @)+ -1 (atm) PP () = nfaf+n) PP ()~ (actn) (ot +0) P2 (2),
(2) (z41)(a+B+n) 2P (z)— (2+1)(B+n) 2P\ ) (z) = n(a+B+n) P8 (z)+(B+n)(a+B+n) P> (z).
We add (1) and (2) to get
@B)  22(at+B+n) 2P (@) +w(a—B)~ (a+A+2n)| 2P () = (at B+n) 20 PP () (a—B) PLY) ().

In (3) put a = B =0 to obtain

nz P (x) —nP,_|(z) = nan(:c),
or

nPy(z) = aP,(z) — P,_;(x)
which is (2), page 270.
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Problem 3. Show that

2(artftn) P (2)Ha—B—x(atf+2n)] DR (2) = (atfrtm) (atf+20) P (x),
which reduces to equation (6), page 159, for « = 8 =0.
Solution 3. In Ezercise[d substract (1) from (2) to get

20t B+n) 7P (@) o= p—a(at+2n)| 7P (x) = (o) (atf+2n) P27 (a).
In the above put o = =0 and divide by 2n to get
Py (z) — 2P, _(2) = nPa-1(2),
which is (6), page 271, with a shift of index.
Problem 4. Show that

2n(atB+n+1) DT () +[(a+B) (n+2)z+n(a—B)| DL (x)+(n+1)[(a—B)z—(a+B+2n) DP™Y (z)

= n[2(n+1) (a4 B+n)+(atB+n+1) (a+8+2n42)| P ()~ (a—B) (n+1) (a+ B+n) PLD) (),
which reduces to equation (5), page 159, for « = 8 = 0.

Solution 4. From Ezercise[3 with a shift of index we g et

2(a4B+n+1) 2P (2)+[(a—B) —a(a+B+2n+2)| 2 PP (x) = (a+B+n+1)(a+B+2n+2) PP (x).

From Ezercise[q we get

22(n + 1)(a+ B+ n) PP (2) + (n+ Dz(a — B) — (a + B+ zn)}@pf’f)(:ﬁ)
=2n(n+ 1)(a+ B+ n)P@ () — (o= B)(n = 1) (e + B+ n) P\ ().

Let us form n times the first equation plus the second equation, we thus get

2n(a+ B +n+ 1P (x)
+n(a—B) +z(—na—nf —2n% — 2n+ 2na +2n + 2n% + 2a + 26+ 2n)| 2 PP ()
+n+ Dfw(a = B) — (a+ B +2n)]| 2P (@)
= n[(a+B+n+1)(a+B+2n+2)+2(n+1)(a+B+n)| PP (2)— (a—B) (n+1) (a+B+n) P (2),

or

2n(a+B+n+1)2P%Y () +n(a—B)+x(a+B) (n+2)] 2P () +(n+1) [r(a—B) — (a+8+2n)| FPLD) (x)

= n[(a+ﬁ—|—n+l)(a+ﬁ+2n+2)+2(n+1)(a—&-ﬁ—&-n)}P,(f"ﬁ)(a:)—(a—ﬁ)(n—l—l)(oz—I—ﬁ—I—n) ’ﬁ)( ),
which is the desired result.
On the above equation put « = § =0 and divide by 2n(n + 1) to get

Pria(@) = Py () = (2n + 1) Po(2),
which is equation 5, page 271.
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Problem 5. Use the method of Section 142 to show that

(Lt a)n g~ "Bl ot Busill ot 20) P w),

(e, 3) _
B0 = T+ B (n =B+ Ot

k=0

Solution 5. We wish to expand pie (x) in a series involving P,ga’ﬁ)(x).
Now we have from (2), page 457, with p =0,

(1 — m)s (1+a), ZS: (1+a+2k)(1+ a)kP,ia’O) (z) (—1)*s!

(1) 5 = 1+ a)sr1+kx(l+a)  (s—k)!

k=0

and from (2), page 476,

- (14 a+B8)a PP (@) < (1) (L+ a+ B)uss(152)°
(14 a)p _5:0 slin — )11+ a)s '

Consider the series

i (1+a+ B)n P\ (z)t"

r,t) =
viat) o (1+a),
NIRRT WIVE DV
n,s=0 8!?’1!(1 + a)s
_ i zs: (=181 + a + 26) (= 1)*(1 + o + B)npas PO ()17
1,520 k=0 (s = B)I(1 + a)sy14nsin!
- i (“1)*(L+ a + 26) (1 + o + Bgangas -0 () tn ot
n,k,s=0 S'(l + a)s+1+2kn!
_ i 2 (—1)*(1 4+ a + B)niokis(1+ a+ 2k) Py(z)@0¢nth
n,k=0 s=0 i1+ a)opt14+s(n —s)!
Then
w(x t) _ io: 2F1 —n, 1+a+ B +n+ Qk, (1 +a+ B)n+2k(1 +a+ Qk)P’ga,O)(x)thrk
’ 1,k=0 2+ a + 2k; nl(1+ a)ak11

B i T2+ a+2k)T(1— B)(1+ a+ B)nyan(l + a + 2k) P (z)tn+F
N F2+a+2k+n)T(1—8-n)n!l(l— o)1

(1+ @ats1 ()" (B)n(L + @ + Bngan(L + o+ 2k) PO () tn
(1 + @)ntort1n! (1 + @)opr1

n,k=0

I
NE

n,k=0
A D) Bk (L @ Bk (14 @+ 26) P ()
n=0 k=0 (n — k)1 + a)ntrtr ’

We may now conclude that
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(400 o (DB (L a+ Baga(l+a+20) PO (z)

(a,B)
BT = Tar g, & (n =BT+ @i

Problem 6. Use the result obtained in Section 142 to evaluate

1
/ (1— %) PP () PO () da.

—1

Solution 6. We know from Section 142 that

1 + Oé zn: n k(B - Ol)nfk(l + |alpha + 6)n+k(1 + 2a)k(1 + 20+ 2k)Pl£oz,a) ((E)

PP (@) = 1+a—|—5 (n—k)!(1+2a)
)n ! ntk+1(1+ @)k

k=0
By using 8 = « in the orthogonality property of PT(LQ’B) (x) we get

1
/ (1 — 22)* P (2) Pl (g)dz = 0,m # n

-1
and from (11), page 454,

1 142«

214200 (1 + o+ n)T(1+a +n)
1— 2 OLP(Oha) 2d = .

/_1( %) P (@) dw nl(1+2a+2n)I'(1 4 2o + n)

We may now write

1+a - (ﬂfa)n s(1+a+ﬁ)n S(1+2a) (1+2a+25) 1 o plaa (@)
Z (n - S) (1 + 2a)n+:+1( 1+ Ol)s [1(1 a 1'2) Pg( )(I)Pk (x)dz

If k > n, then k > s and we get

A(k,n) =0 for k > n.

If 0 < k < n, then the integrals in the sum are zero except for the one in which
s=k.
We thus arrive at

(1+a@)n(=1)"*(8 = a)n—i(1 + @+ B)nir (1 +20)5(1 + 2a + 2k)2"2*T(1 + a + F)T(1 + a + k)
(m=E)kTQ+a+B4+n)I(1+20+n—-k+1)I'(1+a+k)I(1+20+k)

A(k,n) =

or

222 () k(B — ), T(1+a+n)l(l+a+B+n+k)IT(1+ 20+ k(1 +a+k)I(1+a+k)
— kT +a+B8+n) (1 +2a0+n+k+ 1)1 +a+ k)1 + 20+ k)

2120 (1)K (B — ),k Tl +a+ k)1 +a+n)T(1+a+B+n+k)
En—kE)T(1+a++n)l'24+2a+n+k

A(k,n) =

for0 <k <n.
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1
/ (1_:,;)&13;&@(x)P;‘*O)(x)dx—
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Problem 7. Use the result in Exercise[d above to evaluate

1
/1(1 — z)*pl*h) (x)Plga’O)(x)dx.

1
Solution 7. We wish to evaluate / (1 —z)*Pl>P) (x)P,Ea’O)(a:)dx.

-1
We know that

1 =0;k#s
/ (1—1‘)aplga70)(%)P§a’0)($)d$ B 21+a1“(1 —|—O¢+]€)F(1 —|—k) B lta N
-1 Sk (l+a+20)l(14+a+k) 1+a+2k

Now, by Ezercise[d we get

(1+a)n Z": D" (B)p—s(1+ a4 B)nis(1 + o+ 25)

1
(n =L+ Qe [ G PO Bl D e
" =0 n+s —

If k > n, then k > s, so we get

1
/ (1 = 2)* P (2) PL*) (2)dw = 0,k > n.
-1

If 0 < k < n, each integral in the sum is zero except for the one in which s = k.

Hence
1 n—k 14+a
e plas) () ple0) A+ ) (=) (B) k(1 + @ + B)ngr(l + o + 2k)21F
J L e Lk

Problem 8. Use Theorem 84, page 269, with y = x = —1# to conclude that
—v

a, b; a,b; ab2(a—|—b) (a+b+1)
2 Fy v | 2k v | =afl} 4o(1 - v)
G ltat+b—q a+bc,l+a+b—c

Solution 8. Theorem 84 is

a, b; a, b;

o F — :F4(a,b;c,1—c+a—|—b; 1 7 , Y )
-

c; 1—c+a+b;

Now put x =y = 1_737 Then the above becomes
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ab; a, b;
2F1 v | 2Fy v = Fy(a,b;c,1 —c+a+b;v(l —v),v(l—wv))
G l—c+a+b;
_ i Ytk (D) g rv™ TR (1 — ) th
Sl klnl(c) 1—c+a+b)n
_y i )n ) v (1 —v)"
n=0k Ok'n_ ]‘_c+a+b)nk
—n,c—a—>b—n;
? n(l — n
= ZQFl 1 (Cl)n(b)nv ( ’U)
. nl(l—c+a+b)y,
_ Z T(a+b+2n)(a),(b),v™(1 —v)™
I‘c+n (a+b+n)nl(l—c+a+d),
_ Z (a+b)an(a)n(b)pv™(1 —v)"
n=0 ( )n(a’+ b)nn'(l - C+ ar+ b)n
a+b a+b+1
a,b, 5 7T’
=4 (1 —v) |
c,a+bl—c+a+b;
as desired.

Problem 9. Use the result in Ezercise[§ above, and Theorem 25, page 67, to show
that

a, b; 2 2a,2b,a + b;

2F1 1 Yy :3F2 1 Yy
a+b+§; 2a+2b,a+b+§,
Solution 9. In Ezercise @ above replace a by (2a), b by (2b), and then put ¢ =
1
a+b+§ to get (since1+2a+2b—afbf§:a+b+§)

2a, 2b; ? [ 2a,2b,a+b,a+b+%;
o 1 v =43 4v(1l —v)
atb+o; 2a+2b7a+b+%,a+b+%,
r 2a,2b,a + b;
— . F, , 4v(1 — )
I 2a + 2b,a + b+ >

By Theorem 25, page 114, we may now write

a, b; 2a,2b,a + b;
L . 4v(1 —v) — . F | 4v(1 —v)
a—l—b—i—i; 2a+2b,a—|—b+§,

or



SOLUTIONS TO RAINVILLE’S “SPECIAL FUNCTIONS” (1960) 153

a, b; 2a,2b,a + b;
2 F1 1 Yy =3k ) Yy
a+b+§; 2a+2b7a+b+§;

19. CHAPTER 17 SOLUTIONS
1

Problem 1. Show that the Gegenbauer polynomial CY(x) and the Hermite polyno-
mial H,(z) are related by

(5]

Cr(x) = oFo(=k,v+n—k;—;1)
k=0

(—D)*(0)p—r Hp—2k(2)
El(n — 2k)!

Solution 1. From

[

NE

L (=15 (0)o(22)72

Cnlw) = g sl(n —2s)!
we get
T TRV o W Gt O o P ) e A
SO

We know that

(5]
2x)" H, o (x)
(n! =2 I( 2k()
k=0

El(n —2k)!"
Then
oo o~ (3] )
v n (=1)°(0)pts Hp—op (2)t" 25
t =
2, Cle) g;o 2 STkl(n — 2)!
_ i (—1)% (0) oy s ok Hp ()7 2K25
o slkIn!
s k s n
-y % (=1)%(0)nyok—s Hn(x)t" 2"
n,k=0 s=0 sl(k — s)! n!
n,k=0 s=0 S'(k o 5)' n!
00 —k,v+n+k; .
Y || COF @t @)
- k o kin!
n,k=

0 =

oo 13

=3 sF(~kv+n—k—;1)
n=0 k=0

w3

(=1)* (v)n—r Hp—ok (x)t"
kl(n — 2k)!

Hence
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(_1)k(v)n—an—2k(I)
El(n — 2k)!

n(@) =D 2Fo(=kv+n—k—1)

H, +n—2k)CY_
) S B (ki 1 o0 28 1) (” n JCna(®)
n! prt E V) nt1-2k
Solution 2. Consider
i Hy(x)t" i (—=1)%(2x)ntnt2s
o n! W2 sln!
Now by equation (36),
@) L (0 + n — 2%)Cpn(2)
n! vk (V) 1k ’

Ho@)tr S Bl (C1)sn - 2k) 0y, ()en s
Z Z SN 0) p1—k
_ 3 CU e nCw
s!k!(v)n+1+k

0
%) k —18U+nCZl‘tn+2k
_ 3y (D)

0 3!(k - S)I(D)n+l+kfs

(=)= (v + n)CL (z)t" 2

n,k=0 s=0 S'(k - S)!(v)n+1+s
- —1)* v n+2k
= Z 1Fi(—k; 1+ 0+ n; 1)( )" (v +n)Cy(x)t
iyt CIEme.
Then
(5] . i
- 2k)C
Hn(z) = > 1Fi(=k1+v+n—2k1) SOMCha ) n*%(x).
n ENv)nt1—2k

k=0

Problem 3. Show, using the modified Bessel function of Section 65, that

ot @t) )Y 0 W) (DC ().

n=0

Solution 3. We know that
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(é)v-&-n t2
Iv-l—n(t) oFi | —14+v+n;—

I‘(l +v+n) 4
( )v+n+2k

_kzz;)kll"(l—kv—i-n—kk)

Now

Lo 4n—2k)C2 o ()
n! 2"k!(v)n+1_k '

Hence

[%] (v+n—=2k)CY_, (2)t"
an'( )n-i-l k

B OO (’U—|—?’l Cm)( )tn+2k
- Z 2n+2kk|

3
I
o
o

n+1+k
(3)"**T(v) v
ET(v+n+1+k) (w+n)Cr(w)
—v o0 (%)n+v+2k

t
2) ZET(w+n+1+k)

o
hgE

Therefore

et = (Gamma(v) () S0+ wlun 003 0.

n=0

Problem 4. Show that

(5] (v — é)k( Y-k (1 4+ 2n — 4k) P, o (2)
k=0 B Z)n- |

) -1 k V) 2%k n—2k
@) =2 ( );f!& —kZ(k)!)

and

(2n —4x + 1) P, ok ()
n! k/’!(§)n—k

we obtain

(v +n)Cp ().

155
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ic;i(z)tn _ o [5] (—1)%(0)p_s(22)" 25t

I(n — 25)!
e sl(n — 2s)!
— Z (=1)° (V) nts(22)" 2" 20
B o sin!

(=1)°(0)nts(2n + 1) Py ()t H20420

n,s=0 k=0 S'k'( )7r+k
B i (—1)S(v)(2n—|—1)Pn( )t7l+2k¢+23
n,k,s=0 S'k'( )n+k
S z’“: (—1)°(v)(2n + 1) P, (x)t" 2+
n,k=0 s=0 S'(k - S)!(%)nJrkfs
_ f: (— )R (V) rs (20 + 1) Py ()28
n,k=0 s=0 S'(k - S)'(%)n+s
0o —k,v+n+k;
- F 1| (CDF(0)ngk(2n + 1) Py (x)tm+2E
-3 LA , I
n,k=0 5 J,-n’ ‘\2/n

Therefore we get, using Example 5, page 69,

i Cl(x)t" = i (71)]6(%)"(” — Dk (=1)*(0)prn(2n + 1) Py ()2

n,k=0 )n+k k'(%)n
LS 0 D0+ DB
n,k::O k'( )n+k:
5 A (0= D)k()n k(20 — 4k + )Py g (2)t"
n=0 k=0 k'(ﬁ)n—k
Hence
(3] 1
— aek(2n — 4k e
O () = (v = 5)x(v) k('n + 1) Prai(2)
k=0 k'(i)"*"?
20. CHAPTER 18 SOLUTIONS
el

Problem 1. For the Bernoulli polynomial of Section 153 show that
k' (n— k‘ —I— 1)!
Solution 1. By definition of Bn(x) we have

te®t 2. By (x)t"
L

et —
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Then
| 2. B, (x)t" = gl o~ B (z)t"
xt __ t _
ot gy SO (5L (5 ),

from which

n=0

.z =t 2. B, (x)t"
S5 (500 (524)

Hence

Problem 2. Let B,(z) and B, = B,(0) denote the Bernoulli polynomials and
numbers as t reated in Section 153. Define the differential operator A(c, D) by

1 2\ BopD?*
A(z,D) = (a: - 2> D — ]; (gk)' .

Prove that A(x, D)B,(x) = nB,(x).

Solution 2. From

B, (x)

n!
H(t)=tJ@) =t Al) = P
We wish to apply Theorem 74, page 391. Now

we see that is of Sheffer A-type zero. We have, in the Shefer notation,

log A(t) = logt — log(e’ — 1)

tA'(t) t . Bpt"
=1—t— =1—t— .
A(t) t et —1 t Z n!

n=0

1
We know that Bo =1, B1 = —§,Bgn+1 =0 forn >1. Hence

tA'(t) t o= Byt

Aty 2 = (2K

In the terminology of Theorem 74, since u = J(t) =1,
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= t = Bopt?*
=1 _ L
Z“’f 9 Z (k)
k=0 k=1
> ettt =tH'(t) =t
k=0
1
Therefore vg = 1, v, =0 for k > 1, and pg = oMk = 0 fork>1, psg_1 =
Bog
— k>1.
k) k=
The identity
> (ke + 08) 2 () = ()
k=0

of Theorem 74 becomes

Hence, with

we may conclude that

Az, 2)By(z) = nBy(x).
Note that in Theorem 74, since 25T 1¢,(x) =0 f or k > n,

n—1

Z(uk + zvp) 2M!

k=0
may be replaced by

Z(Mk + o) 2
k=0

Problem 3. Consider the polynomials

L1
—Nn, — —XT cC—nNn
—O (L 1y, 9 9w '
wda%w=( (3 2)3E Yy
(©)n 11
C,= — =T — "N
2 2
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111 1
2 2 2 2 _ytz _ i (c)nwn(cv Z, y)tn

(1—yt) "2 137 (t44) 7 2%y S L I
(1—yt)(1 +1) n=0 v

)
G

and that ¥, (1, z,1) = F,(z), where F,, is Bateman’s polynomial of Section 148.

Solution 3. We define v, (c,z,y) by

1-—2z
(g, | T e
%(Cvx,y) 2 n3F2 Y
()n 1— g
¢ =
Then
(c.2,9) = Z Dl (15), (52 (€)n (1551t
—0 k' n_ )'(c)n(c k(c)n—k(sz n
or

Unle,m,y) =

First consider the series

as desired. The use of c =1,y = 1 in the above generating relation yields

-z 1—|—x _ wnlxl
1B <2,1,t) 1F1< ) Z

n=0

Brafman had

1—x 1+ = F(x)t"
Fi | — 1t |1 F L=t ) = E —_— .
141 ( 5 ) 141 ( 9 ) nl

n=0

Hence

U (l,z,1) = F, ().
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Next consider the series

= (=D)™(e 1y (lfz\ , kintk
,%_:OO: 1) ()n+]:1'§1!-20)1k(£)5 Jny tl
_ nz:%kzzo (C+n)z;:§(cg)k)k(yt) (—1)"(n'7)nt”
_22& (:4—7171;1‘i ) (—1)"(7;%)“”

e

> 1w T2 _ 14z 4n
=nz::0(1—yt)’TgF1 | 1_—th (-1 (n'2 Jnt
= (1—yt) = i Z": (;'1(:?'(1:'5:2/;((;1_)’;1;;2’“ (—1>"(nl!7f)nt”

gy 35 B CUMCERCE
= n! k() (1 — yt)k
o0 1—x 14z k, ki2k
_l-a _lte (FOR(F5) (1) Yyt
=(1—-yt) 72 (1+¢t)" 2
(L=t = 075 ) e 0ra i
We thus arrive at
l—z 142
o0 n 2 ’ 2 ’
n¥n\ty Ly t — =z — Iz _
ZM:U*W L (1), R yt?
=0 n (1-yt)(1+1)
c
Now put c =1,y = 1 in the above. We get
l—2 1+a
> 1—x 14 2 ’ 2 7 2
an(l,l', l)tn = (1 —t)_T(l—i-t)_TlFl —t
n=0 1—t2
1;
I+ 14+
Q-0 | 2 2
1;
1+x 1—}—33.
= (1 —t)wQFl 2 2 t2
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1 1
In Theorem 23, page 110, put a = —;x,b =3 to get
142 1+=x HJ’ 1;
5 T 2 2 4
F (—t)2 | =1 =1)7""F —4t
(1-1)
L
L
We may therefore write
1+xz 1
oo 2 79’ oo
> g (La, )" = (1 —t) LR —4 =N B,
n=0 (]- - t)2 n=0
L;

by (2), page 505. Hence ¥, (1,2,1) = F,(x), (again).

Problem 4. Sylvester (1879) studied polynomials,

n(@) = Lo Ry (nz - 1) .

n! T

Show that

(1 _ t)—xea:t — Zqﬁn(.ﬁ;‘)t”7
n=0

(1 —at) 2 Fy <c,a:; —; 1t;pt> = nz:;)(c)nqﬁn(x)t”.
Solution 4. Consider
(bn(x) = iTQFU (—’I’L,.’E, e _;>
THen
_ - (EDFpla (@) (DR S (@)
on(2) _kZ:O K(n— k)n! > Kl(n — k)!
Hence
> n . n (C kxnfktn
;Qﬁn(z)t - 7;);) k'(n _ k)'
(@)t =z
(Z4) (E7)
= (1—1t) e

Next consider
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S inar =303 el
n=0 n=0 k=0
o (©ngk( kxnt"+k
= Z Eln)
n,k=0
B ii c—i—k: )™ () ()Rt
B [
k:O:OO n=0 k!
Z (c)k(= ktk
kN1 — zt)etk’
k=0
Therefore
= N t
Z(c)nqbn(x)t" = (1—at)"%F, (c,x; —; ) .
o 1—at

Problem 5. For Sylvester’s polynomials of Exercise[]] find what properties you can
from the fact that ¢, (x) is of Sheffer A-type zero.

Solution 5. For the ¢, (x) of Exercise |4 recall that

(1—t)"e™ qun

n=0
Now (1 —t)~* = exp[—xlog(1l — t)]. Hence

S 6u (@)t = expla{t — log(1 - t)}].

Therefore ¢, (x) are of Sheffer A-type zero with A(t) =1, H(t) =t — log(1 —t).
Problem 6. Show that Bateman’s Z,(x), the Legendre plynomial P, (x), and the
Laguerre polynomial Ly (x) are related symbolically by

Zn(x) = Ppy(2L(x) — 1).

Solution 6. We know that Bateman’s Z,(x) has the generating relation

(1) ZZ =(1—t)"YWF (;;1;(1_1“32>

and that the Lague'rre polynomzal satisfies

(1=t~ F (C; 1; 1_ft> - i M)

t n!

including the special case

1 1. —av) > (%)ncfn(w)v”
(2) (I—-v)">1F <2’1’1—v> = ;}T
4t 1—t\? —v —4¢
In(2) putv=—— . Then1—v =
n(2) putv= - Thenl—v (1+t) 1—v(l-1)2
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and (2) becomes

_ 1 —4axt L (3)6%( )22’%
— 1 e —
) (1) (1“)1F1<2’ (1—1)2 ) ZO El(1+1t)2%k

or

(1)L F 1, —dat 2 (3)p22k L (2)tk
T 2 1 -2 — N1+ 1)+

Therefore we have

s (=1)"2%8 (1) (1 + 2k), L ()t HE

2zt = 3 Kn!

n=0 n.k=0
B i (=1)"(n + 2k)\.Z (x)t"+F
B it (k1)2n!

Sy UM A,
== (k)2 (n — k)!
We know from (3), page 285 that

—n.n + 1;
Py(z) = (-1)"2F

Hence

—n.n+1
P2y —1) =(-1)"2F [ Y ]

1.
_N (DM n+ k)ly*
= kz:% i
We therefore have, from
= )R+ ) L () o - k(n+1)p Ly (2)
Zn(z) _kzzo kD)2(n — k)! 2} klk!

the symbolic result

Zn(z) = P,(2%(x) — 1).
Problem 7. Show that Sister Celine’s polynomial

1
fu(z) = oFy (—n,n + 151, 2;x>
of equation (16), page 292, is such that

/000 e P fo(z)de =(—1)"(2n +1).
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Solution 7. We know that
1
falz) =2F | —n,n+ 151, E;x .
Then

':Est"

n—s)

S r@r-yyE e

n=0 n=0 s=0
We also know from (19), page 373, that

(s1)? prd kl(s — k)!
Hence,
o) N B o n s ( )k+€(n+8)|§/ﬂk( )tn
2 =22 D T R o)
s k+

S (—1)5+5 (1 + 28)1.% ()¢
=2 (1)kl(s — k)ln!

n,s=0 k=0
_ i (=1)*(n + 2k 4 25)!.L (x)t" T s
n,k,s=0 S'k'n'( )S'HC
_ i " (—1)3%(n + 2k + 8)\ L ()t HE
0 o= s!(3)krs(n — s)!k!
o —n, 1 +n + 2k;
B Z 7 1| (n+2k)\ % (x)tntF
n, k=0 %—f—k}, k"(%)kn' ’
By Example 5, page 119, we get
—n, 14 n+ 2k n 1 n(3 n(3 1
JF) 1| _CED"AH14+2k -5 —k)n  ED"GE AR D" G)ark(3)
}+k' (%Jrk)n (%Jrk)n (%)k(%)n+k
2 )
Then
S _ i (=1)"()n+r(3)k(n + 2k)\L ()t
i (3)k(S)ntwk!(5)xn!
:i (=D (R)aln + k)L (2)t"
n=0 k=0 (%)k(%) k'(n_k)'
Therefore, since
(3)n _ (n+3)
= =2n+1,
(3)n (3)
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Equation (1) will also be of use to us in later work. We now note that

/ e P fu(x)de = (-1)"(2n+1) Z Z 1)k/ e " L (x)dx
0 (Z)k 0

=0

The integral in the sum is zero except for k =0 and / e "L (x)dr = 1.
0

Hence
| e tat)ia = -1y,
0
Problem 8. For Sister Celine’s fn(z) of Exercise[7] show that

—n,n+1,—m,m+1;

/ T (@) (@) = (—1) (20 1)(2im4 1) Fy 33|
0 by
)27 27
N (—1)"@n+1)(=n)k(n+ 1) | n
/ ¢ "Ly (z) fu(z)dr = LEE oehen
o 0 ik >n,

- —n,n+1,—k k+1;
/ e " fulx) Z(x)dx = (71)”““(271 +1)4F35 1
0

1
Solution 8. Again we use f,(x) = 2F5 (—n,n +1;1, 2;30) as i Ezercise H
Recall that

M) )= (- "2n+1z O

and, from Ezercise[6, that

At once

n m

e b (@) (@) = (— 1) (20 1)(2m n+1< m)s(m + 1),
/0 o) ) = (177 o) 2m 1) Z o

Now, by the orthogonality property of Laguerre polynomials, and the fact that
o0
/ e T L2 (x)dr =1, we get
0

/000 e " L (x)Ls(x)d.
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min(n,m)
(

—n)g(n+ 1g(=m)r(m + 1)

Ooe—;c . 2dr = (— n+mm m
/0 Fa(@) fn(@)d = (~1)7™(m + 1)(2m + 1) ;;) )R,

—n,n+1,—m,m+ 1;
= (=1)""™m(2n +1)(2m + 1)4F3

Next consider

/oo e " L () fr(x)dx
0

At once

/OO e " L (x) fr(x)dz = 0;k > n,
0

from the orthogonality property of £ (x).
If0 <k <n,

/Oooe—w,sfk(x)fn(x)dx :(—1)”(2n+1)z — DE /Oooe_wfk(x)fs(x)d;v
(—1)"(2n + 1)(=
3

/00 e—fo(m)Zk(w)dac :( n+k 2n+ ZZ n+ 1) ( k‘)z(k‘-f— 1); /oo e—ngS(x)ogi(x)dx
0 0

)Szlz!

rmn(n7 )
— n+k n + 1) ( k)s(k + l)s
(1) e (2n + 1 ZO RTEIN
—n,n+1,—k, k+1;
_ ( 1)n+k on+1 4F3 5 1
17 17 )
2
Problem 9. Show that
00 —n,n+1,—kk+1;
/ =7 72, () Zn(2)dz = (—1)"+E 4 Fy 1
0 1,1,1,;

Solution 9. Using equation (2) of Exercise@ above, we get
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0 n k “n).(n o(—k); i [e%S) o
/ € Zn(x) Zp(x)dr = (—1)"HF Y il +Slvl|§|i|k) kx D) / e " Ly(x) Li(x)dx
o = 1Sl 0

i=0
min(n,k
B O NUES NG NGR)P
pre slslsls!
—n,n+1,—k,k+1;
= (—1)"thyFy 1
L1 1

Problem 10. Gottlieb introduced the polynomials

dn(x;N) = e_”’\gFl(—n, —z;1;1 — e’\).

Show that
Z M =i P14z —t(1—e?),
= n!
(e —1)" nl(l— ’\+“) ‘G (5 \)
n 7)\ b
(b (.’13 +/’L) p.n 176)\’nk=0 kl(n @l"—l)k

< g . _ T(s—n)l(s+z+1)
/0 © ¢"(x’_t)dt_F(s—i—l)]f‘(s—i—x—n—i—l)’

(‘T - n)¢n(mv >\) = xﬁbn(w - 1; /\) - nei/\ﬁi)nfl(x; )\);
n[on(2;A) = dn-1(z; )] = (2 + D[on(z + 1; 1) = dn(z; M),

(z+n+1)dn(2;0) = 26 dp(z — 1;N) + (n+ D) dppr (23 0),

and see Gottlieb for many other results on ¢n(z; ).
Solution 10.

Problem 11. With f, denoting Sister Celine’s polynomials of Section 149, show
that

/o 23 (t— )2 fo( = =5 2)da = w2, (t),

/ot o)l (e )i =2 (1),

and
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Solution 11. We shall use Theorem 37, page (??), to evaluate the integrals in
question.
1
Recall that fr(—;—;x) = oF> (—n,n—l- 11, Z;x) _

1 1 1
Then use a = 535 = 5P = 27(] = 2,@1 = —Nn,a2 =n+1,b1 = ].7b2 = 5,0

1,k=1,s =0 in Theorem 37 to get

1
1 .
t , 11 mnt g
/xg(t_$)7§f7L(_§ ;x)dx =B<2,2>F ) t
0
17771;
21
_TENG) | T
2142
') L1
= 77Z,(t).

Next, make the same substitution except that s = 1 instead of s = 0. We thus
get

+1 11
—n,n 55
t 5 ;272a )
[ate-a) (it - a)de =aF T
0 112 1
1a75777;
27272
-n,n+1;
t2
:7T2F2 e
4
L1
1
=77, -t%).
w2 (1)
Finally, consider
—n,n+1;
1 z
fn <_7212>_2F3 1 1 1
7272,

1 1
In Theorem 37 we nowuseaz5,625,p=2,q=2,a1z—n,a2:n+1,bl =

1
1,5221,5—3:57021,]6:178:17 to get

/Otx%(tz)%fn <; 1;9:(251:)) dz

[\
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by equation (9), page 509.
Recall Ramanugjan’s theorem, Example 5, page 180,

1
— 1Fi(o; By 2)1 Fi (o By —x) = 2 F} (a,ﬁ — o3, gg + 3 Z) :
Usea=—n,=1xz =1 to get
I
1F1(_na17t)1F1(_n717_t):2F3 -n, 1+na172a17z )
which is the result we used from page 509.
Problem 12. Define polynomials ¢, () by

on(z) = (;)'n oF5(—n,c+mn; 1, 1 ).

Show that
_ - ED) e = Do k(@)nak (2K + 1) Zi(2)
%(»ﬂ—% (n—k)!(n+k+1)! '
Solution 12. Let us define ¢, (x) b
on(e) = DByt i1, 1),
Then
i ]. n+k$k
Kl (n — B)I(kD)?
50

. n _  — (_1)3( )7l+s S
nz:%%(x)t =>> D)3 (n — 5!

= (_1) ( )n s g
Z:o (s!)giz'
We know (page 199) that
5 = (S!)2 - (_S)k(2k+ 1)Zk('r)

(s+k+1)!
Then

[e’e) . [e’e} s S+k( )n 28(2k+1)Zk(w)tn+s
D onlat” = Z n!(s —+l<;)!(s+k+1)!

= i ( 1 n+2k+2s(2/{3 + 1)Zk( )tn+k+s
nls!(s + 2k +1)!

i - (nv2ms (2k + 1) Zy ()t
s' (n—s)(s+2k+1)!

We now have
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> s —n,c+n+2k;
— ’ ’ (€)nyor(2k + 1) Zy(z)t"+F
7;) O (2)t" = H;OQFI )t ok 1 PICES]
N D24 2K)0(2—c¢)  ()nyon(2k + 1) Z,92)t" T+
_n;) [@2+2k+n)I(2-c—n) n!(2k + 1)!
o (D" = Dn(Qnsok(2k + 1)1 Zg ()t
- ,L%;O (n+ ;lz +1)!n!
s () R @nak(e = Dok (2k+ 1) Zk(x)
_;kzo (1~ n + o+ 1)1 -
Hence
bn(z) = S (=1)" (e = 1)p—r(c)ntk(2k + 1) Zg(z)
= (n—k)(n+k+1)! '

Problem 13. Show that the F(t) of equation (10), page 286, can be put in the
form

v;
—4zt
F(t) = the (1 - 2)"2 T _2)2
b+ 1;
Solution 13. From equation (10), page 500, we get
—n, 20 +n;
= (20),2" ¢
_ b —t
F(t) =te Z .y 2F2 1
n=0 vt b+ L

n

— fhe—t > (—=1)Fn!(2v), (20 + n)xtF 2"
- Z;k!(n—kﬂnwwé)k(bﬂ)k

et 3 (Dt
0 k n'(v + §)k(b+ 1)k

n

gL

— bt i i (20 + 2k)p 2™ (—1)F(20)gstF 2"
k=0n=0 n! k(v + 5)k(b+ 1)k
— tbe —ti (= 1ktk 22 ()i (v + 5)r
kY v+ b+1) (1 — z)2v+2k
k22k( )tk 2k
k' (b+ Dp(1 — 2)2F

4tz
— —2v ,—t . .
_t(l—Z) e 1 1(1},b+17(1_2)2).

172) 2v —t

21. CHAPTER 19 SOLUTIONS

]
No problems in Chapter 19.
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22. CHAPTER 20 SOLUTIONS

1
Problem 1. Show that 0, = 2¢3 G3.
Solution 1. We know that

6y =2p:G [[(1 ¢

n=1
and that
G = H 2n
Hence
0, = 2¢7G>.
Problem 2. The following formulas are drawn from Section 168. Derive (9) and
(10):
(8) 0167 (2) + 6363(2) = 6363 (2),
(9) 0367 (2) + 6363(2) = 6363 (=),
(10) 0501 (2) + 0303 (2) = 0363 (2),
(11) 0305(2) + 0303 (2) = 0303 (2).
Solution 2. We are given
(8) 0107 (2) + 0303 (=) = 0303 (2).
Use the basic table with z||z + g to obtain
0103 (2) + 0307 (2) = 0303 (=)
or
(9) 0307 (2) + 0363 (=) = 0303 (2).

1
In (9) use the basic table with z||z + 3T to get

~03qhe 203(2) + 02 e 0 () = —03qhe 20 (2)

or

0305 (2) — 03103(2) = 0307 (=)
from which we get
(10) 0307 (2) + 0303 (2) = 0303 (2).

Problem 3. Use (8) and (10) of Exercz'se and the equation 05 + 07 = 05 to show
that

01(2) +03(2) = 03(2) + 03(2).
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Solution 3. We may write (8) and (10) of Ezercise[d in the form

(®) 0107 (2) — 0305(2) = —0305 (=),

(10) 0303 (2) + 0105 (2) = 0307 (2).

We square each member and add to obtain

(65 + 02)[01(2) + 05(2)] = 05[03(2) + 031(2)]-
But

03 + 05 = 03,
so we get
01(2) + 05(2) = 03(2) + 03 ().

Problem 4. The first of the following relations was derived in Section 169. Obtain
the other three by using appropriate changes of variable and the basic table, page

1 1
319. For example, change x to (:13 + 27r> , orzx to (CE + 27r7') , etc.

0361 (x + )01 (x — y) = 63 ()03 (y) — 05 ()63 (y),
0502 (x + y)02(x — y) = 05(x)03(y) — 07 ()63 (v),
0305(x + y)0s(x — y) = 03(x)05(y) + 05 ()03 (),

0304(x +y)ba(z — y) = 05(x)03(y) + 3()63 (y).
Solution 4. We are given from Section 169 that

(4) 0301(x +y)b1(z — y) = 05 ()03 (y) — 03(2)63 ().
In (A) change x to (x + g) and use the basic table to get

0302 (x + )02 (x — y) = 05(x)05(y) — 07 ()67 (y).

T
Now in last equation above change x to x + o5 to obtain

024" 3¢ 20, (2 + y)B3(z — y) = ¢~ Se 2003 (x)02(y) + ¢~ Fe 203 (2)62(y),

or

0303 (x + y)0s(x — y) = 03(x)05(y) + 03 ()07 (y).

. Q .
In last equation above change x to (m + 5) to arrive at

0504 (x + y)0a(x — y) = 03(x)05(y) + 03 ()07 (y).
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Problem 5. Use the identities in Ezercise [3 and the relation 03 + 07 = 03 to
transform the first relation of Exercise[]) into the first relation below. Then obtain
the remaining three relations with the aid of the basic table, page 319.

0361 (2 + )01 (z — y) = 03 (2)03(y) — 035 (2)65 (),
0302 (x + y)02(x — y) = 03(x)03(y) — 03 ()03 (y),
0303 (x + y)0s(z — y) = 03 ()63 (y) + 67 ()65 (),

0304(x + y)0a(x — y) = 0 (2)03(y) + 03 (2)03 (y).

Solution 5. From Ezercise[{] we obtain

0301 (z + )01 (x — y) = 07 (2)03 (y) — 03 (2)65 (1)-
From (10) and (11) of Ezercise[d we get

01 (x) = 057 0363 (x) — 0565 (2)]

05(y) = 052 [0305(y) — 0363 ()] -
Hence we obtain

0301(x +y)01(z —y) = 05" [0303(2)03(y) + 0303 (x)03 (y) — 0301 {03(2)03 () + 03 (2)03 (1) }]
—05* [0303(y)03(x) + 0103 ()03 (w) — 0307 {03 ()03 (x) + 03(y)03 (x) }]
= 03" [(05 — 0){03(2)03(y) — 03 ()03 (»)}] -

Now 05 — 03 = 05 so that we may conclude that

(4) 0301 (x + )01 (x — y) = 05 (2)05 (y) — 03 (y) — 05 ()03 (y).
We shall now transform (A) by means of the basic table. Note that (A) is the
first of the required results in Ezercise [

In (A) replace x by (x + g) to get

(B) 030 (x +y)ba(a — y) = 03(2)03 (y) — 05 (2)03 (y)-
In (B) replace x by (a: + L;) to obtain

q e 27020, (x + y)Ba(z —y) = ¢ 2 HT03(x)03(y) + ¢~ 2e 2002 (2)02(y),

or

(@ 0305(x + )03 (x — y) = 03(2)03(y) + 07 (2)03 (1)
In (C) replace z by (m + g) to arrive at

(D) 0304(x + y)0a(z —y) = 07 (2)05(y) + 03 (2)03 (1)-
Equations (A), (B),(C), (D) are those required.
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Problem 6. Use equation (10) of Exercise and the first relation of Ezxercise @ to
obtain the first relation below; then use the basic table to get the remaining three
results.

0301 (x + )01 (x — y) = 03 ()03 (y) — 03 ()63 (y),
0302 (x + y)b2(x — y)03 ()05 (y) — 63 ()03 (),
0305(x + y)0s(x — y) = 03(2)03(y) + 67 ()03 (),

0304 (z + y)0a(x — y) = 05 (2)03(y) + 05 ()67 (1).
Solution 6. From FEzerciseld we use

0301 (x + )01 (x — y) = 05(2)05(y) — 03 (2)03 (v)-
From Ezercise[q we use equation (10) in the form

(10) 03 (x) = 052(030% () + 0303 (2)).

Thus we obtain

0301 (x+y)01 (z—y) = 0520367 ()63 (y)+0763 ()03 (y) —0363 ()67 (y) 0363 ()63 (x)].
Two terms drop out and we are left with
(4) 0301 (z +y)0r (x — y) = 61 ()63 (y) — 63(x)0 (y),

which was desired. .
In (A) replace x by (x + 5) to get

(B) 030z + y)ba(z — y) = 03(x)03(y) — 63 (2)63 (y).
In (B) replace x by (x + %T) to get
(C)0303(z +y)03(x — y) = 03(2)03(y) + 0 (2)63 (y),

. 1 g
from which we have removed the common factor ¢~ 2e~ 2%,

In (C) replace x by (m + g) to get

(D) 0304(x + y)0a(z — y) = 03 (x)03(y) + 03 (2)03 (y).
Equations (A), (B),(C), (D) are the required ones.

Problem 7. Use the first relation of Exercise[6] and the identities from Ezercise[2
to obtain the frist relation below. Derive the other three relations from the first one.

0361 (x + )61 (z — y) = 03 ()05 (y) — 05(2)603 (y),
0302 (x + y)02(x — y) = 03(x)03(y) — 07 ()63 (v),

030(x +y)bs(2 — ) = 03(2)03(y) + 05 ()03 (1),
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0304(x +y)ba(z — y) = 05 ()03 (y) + 03(2)03 (y)-
Solution 7. From (9) and (11) of Ezercise[q we may write

03 (z) = 0520303 (x) — 0303 ()]

and

03(y) = 03710303 (y) + 0303 (y)),

which we substitute into equation (A) of Exercise@ above.
The result is

0301 (x +y)0r(z —y) = 05" [0303 ()03 (y) — 0103 (2)03 (y) + 0303{05(2)03 (y) — 03(2)63(y)}]
—05 ' [0305 (y)03 (x) — 01603 (y)03 () + 0303 {03 ()03 () — 03(y)03(x)}].

We thus obtain

0301 (x + )01 (x — y) = 05[(03 + 03){03 ()03 (y) — 03 ()03 ()03 (y)}]-

Since 05 + 07 = 03, we arrive at the desired result

(4) 0301 (x + y)0r (z — y) = 03 ()03 (y) — 03(2)03 (y).
In (A) replace x by (:c + g) to obtain

(B) 0302(x +y)bz(z — y) = 05(2)03 (y) — 03 ()03 (y).
In (B) replace z by (a: + 127-) and remove the factor q_%e_%” to get

() 0303 (x + y)03(x — y) = 05(x)05(y) + 03 ()63 (v).

In (C) replace z by <£E + g) to obtain the formula of the requires results:

(@) 0304(x + y)0a(z — ) = 03 ()03 (y) + 03 (2)03 (y).

Problem 8. Use equation (10) of Ezercise @ and the first relation of Exercise @
to obtain the first relation below. Derive the others with the aid of the basic table,
page 319.

03601 (x + y)0:1 (x — y) = 07 ()03 (y) — 05(x)03 (),
0302 (x + y)02(x — y) = 05(x)03 (y) — 03 ()63 (y),
0303(x + y)0s(x — y) = 03(x)03(y) — 05 ()63 (y),

0304(x + y)0a(x — y) = 03(x)03 (y) — 03 ()07 (y).
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Solution 8. From (10) of Ezercise[q we g et

03(y) = 05 °[0301(y) — 0367 (v)]

and a similar result in x. The first equation in Exercise[f is

0301(x + )01 (z — y) = 03 (2)03(y) — 03(2)63 (y).
Then two applications of (10) yield

0301 (w+y)01 (w—y) = 05 °[0367 ()03 (y) ~ 0367 ()07 (y)] - 05 *[0307 (2)67 (y) 03067 ()63 (y)]

In the above, two terms drop out and 03 cancels out to yield

(4) 0501(x + )01 (z — y) = 05 ()05 (y) — 05 ()65 ().
In (A) replace x by (x + %) and see the basic table to get

(B) 050(x +y)ba(z — y) = 03(2)05(y) — 03(2)63 ().

In (B) replace x by (;U + %) and remove the common factor q’%e*%” to obtain

(@) 0305(x +)03(x — y) = 05(x)03 (y) — 03(2)63 (y).
In (C) replace z by (m + g) and thus arrive at
(D) 0504(x +y)a(z — y) = O3()05(y) — 07 (2)63 ().

Problem 9. The first relation below was derived in Section 169. Obtain the other
three.

03601 (x + y)01 (x — y) = 03(x)05(y) — 03 (x)05(y),
0302 (x + y)02(x — y) = 03 (x)03(y) — 07 ()03 (y),
0303(x + y)0s(x — y) = 03 (2)03(y) — 07 ()63 (y),

0304 (x +y)ba(z — y) = 05(x)05(y) — 03()05(y).
Solution 9. From Section 169, equation (7), page 871, we obtain

(4) 0501 (x + )01 (z — y) = 03(2)03(y) — 05(2)05(y)-
In (A) replace x by (x + g) to get
(B) 0502(x + )bz (z — y) = 05(2)03(y) — 03 ()05 (y).

In (B) replace z by (m + %T) and remove the factor q_%e_%” to arrive at

(@) 0503(x + y)02(x — ) = 03(2)03(y) — 07 (2)03(y).
In (C) replace x by (:L' + g) to obtain

(D) 0304(x + y)0a(x —y) = 03(x)03(y) — 05 ()03 (y).
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Problem 10. Use the method of Section 169 together with the basic table, page
319, to derive the following results, one of which was obtain in Section 169.

030401 (x + y)02(z — y) = 01(2)02(x)03(y)0a(y) + 01(y)02(y)0s(x)04 (),
020461 (x + y)b3(z — y) = 01(2)02(y)05(x)04(y) + 01(y)02(x)03(y)04(z),
020305(x + y)0a(z — y) = 01(2)02(y)0s(y)04(x) + 01 (y)02(x)05(z)04(y),
020502z + y)bs(z — ) = O2(x)03(2)02(y)03(y) — 01(2)04(x)01 (y)04(y),
020402(x + y)ba(z — y) = O2(2)0a(2)02(y)0a(x) — 01 ()03 (2)01 ()03 (y),

030405 (z + y)0a(z — y) = 03(2)04(2)03(y)04(y) — 01 (z)02(7)01(y)02(y)-

Solution 10. For brevity, since we know how to discover such formulas, let us
consider the function

_ 01(2)02(2)03(y)04(y) + 01(y)02(y)03(x)04(y)
$1(z) = .
O1(z + y)0a(z — y)
we shall show that ¢1(x) is an elliptic function of order less than two, and then
obtain its constant value.

Let Ni(x) = the numerator of ¢1(t) and Di(x) be the denominator of ¢1(x).
Then at once the basic table yields

Ni(z + 77) = 02(2)01(2)05(y)04(y) + 01(y)02(y)04(2)03(z) = N1(z)
and

Di(z + n7) = =01 (2 + y)[-02(x — y)] = D1(z).
Hence

d1(x +77) = d1(x).
The periods m and wT are also those of the zeros of the four theta functions.
Hence the only poles of ¢1(x) in a cell are simple ones atx =y =0 andx—y = g

But x = —y is also a zero of the numerator because

Ni(—y) = —01(y)02(2)05(y)0a(y) + 01(y)02(y)03(y)04(y) = 0.
Hence ¢1(x) is an elliptic function order less than two and is constant. Now

_ 0+ 61(y)02(y) 0304
10 = = ()

since O2(y) is an even function. Thus we obtain the first of the derived relations,

= 0304,

(4) 030401 (x + y)0a2(z — y) = 01(x)02(2)03(y)04(y) + 01 (y)02(y)03(x)04(x).
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Next let us consider

_ 01(2)02(y)03(2)0a(y) + 01(y)02(x)03(y)04(x)
¢2($) = .

01 (2 +y)0s(x - y)
Let as usual the numerator be No(z), the denominator Do(x). Then

No(z + ) = 01(2)02(y)03(2)04(y) — 01(y)02(z)03(x)04(z),

No(z +7) = —N — 2(x).

Also
Dy(z+7) = —b1(z + y)05(x —y) = —Da(z + 7).
Hence
Oz (x + ) = Oa(x).
Next
No(z +77) = —q 2 4" Ny(z)
and

DQ(LE + 71"7') _ —q72€72i(1+y)672i(x7y)DQ(iL’) _ —q72674iwD2(5L’).

Hence also

po(x + 7T) = da(x).
In a cell, with periods w, 7T, Da(x) has simple zeros at x +y = 0 and x — y =
I—i-ﬂ But, for x = —y
2 2 - 7 7
Na(=y) = —01(y)02(y)0s(y)04(y) + 01(y)02(y)05(y)ba(y) = 0.

Therefore ¢o(x) is an elliptic function of order less than two. The constant value

of a(x) is

_ 0+61(y)05(y)ba
¢2(0) = 01(y)0s(—y)

We may now conclude the validity of the equation

= 020,.

(B) 020401 (x + y)03(z — y) = 01(y)02(y)03(2)04(y) + 01(y)02(x)03(y)04 ().

From Section 169 we quote

() 020301 (x + y)0a(x — y) = 01(2)02(y)03(y)04(x) + 01 (y)02(2)03(x)04(y).
Equations (A),(B), and (C) are the first three of our desired results. In (C)
replace x by (x + g) to get

(D) 02030 (x + y)03(z — y) = O2(x)02(y)03(y)03(x) — 01(y)01(2)04(x)04(y),
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which is the fourth equation, slightly rewritten, of the desired results. In (B)
replace x by (x + g) to find that

(E) 020402 (z + y)ba(x — y) = 02(2)02(y)04(x)04(y) — 01(y)01(2)03(y)05(x),
which is a rewritten form of a desired result. Finally, turn to (A) and replace x
by (x—i— %—) to get

004iq™ 2 e~ TV TN, (1) 03 (z—y) = iq” Te 200, (x)05()03(y)0ay)Fig ™ e 2201 (y)0a(y) 0o (2)01 (),

or

030404 (z + y)03(x — y) = 03(2)04(2)03(y)04(y) + 01(2)02(2)01(y)02(y).

Now change y to (—y) to arrive at the desired result

(F) 030403(x +y)0a(x —y) = O4()04(2)03(y)04(y) — 01 (x)02(2)61(y)0 — 2(y)-
Problem 11. Use the results in E'xercz'ses above to show that

030(2z) = 03(w) — 01 (x) = 03() — 03 (),

0303(22) = 01 () + 03(x) = 03 () + 03(2),

0304(22) = 03(w) — 01 (x) = 03(x) — 05(w),
03020(2x) = 03 ()05 () — 0% ()07 (),
010202 (2x) = 03(2)03 () — 67 (2)05 (),
030305 (2x) = 03(2)05 () + 07 (2)03 (),
030505(2x) = 03(2)03 () — 07 (2)03 (),
030404(2x) = 07 (2)05 () + 03 ()03 ().

030404(22) = 07 ()03 () + 05 ()03 ().

Solution 11. We shall use y = x in various equations of Exercises 410, From
Ezercise[f), second equation, we get

0205 (2z) = 05(x) — 07 ().
From Ezercise[]] third equation, we get

030305(2x) = 03 ()05 () + 0% ()07 ().

From Ezercise[]}, fourth equation, we get

030404(2x) = 03(2)03 () + 07 (2)05 ().
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From Ezercise[J, equations 1,2,3 in order, we obtain
0305(2x) = 05(x) — 0;(2),
030303 (2x) = 05 ()03 () — 03 ()63 (2),

030404(22) = 63 (2)03(x) + 603(2)03 ().
Next from Ezercise[t], equations 2,3,4, we get

02030(2x) = 03 ()05 () — 0% ()03 (),
0305(27) = 03(x) + 03 (x),

030404(2) = 03(2)03 () + 07 (2)03 ().

From equations 2,3,4 of Exercise[7 we obtain
020302 (2x) = 03 ()03 (x) — 6% ()03 (2),
0305(22) = 03 (z) + 04 (),

030404(22) = 63 (2)03(x) + 603(2)03 ().
From equations 2,3,4 of Exercise[§ we get

02020-(22) = 02(2)02(z) — 032)02(x),
00305(2x) = 03 (2)07 (z) — 67 ()03 (),

030,(2z) = 05 (x) — 01 ().
From equations 2,3,4 of Exercise[q we get

620702(2) = 03(2)642) — 07 ()65 (x),
030103 (2x) = 03 (x)03 (x) — 67 ()63 (2),
0304(2x) = 03(x) — 03(z).
We have now derived all 12 equations of Ezercise[11], but we try Exercise to

see whether from each of the first three equations

02939401(21‘) = 291 (I)92($)93($)94(I),
(which we had in text), and

03030:(2x) = 03 ()05 () — 0% ()03 (),

020716(2x) = 63 ()07 (x) — 07 (2)63 (),
and
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030103 (2x) = 03 ()03 (x) — 67 ()63 ().
The last two appear as answers to Exercise[I1], parts 5 and 7.
Problem 12. Use the method of Section 168 to show that

B(2|r) = (—i7)"% exp (;’:T) 0y (j’_ ‘Tt) .

From the above identity, obtain corresponding ones for the other theta functions
with the aid of the basic table, page 319.

Solution 12. Consider the function
0s(z|7)
exp (22) 05(2(2)
First the theta functions are analytic for all finite z since Im(7t) > 0 implies
Im (—1> > 0.
T

To get the zeros of the denominator, recall that 05(y|t) has its zeros all simple
ones located at

P(z) =

T " wt 4w+ y
=—4+—+nr+mnw
Y727
1
for integral n and m. Then 63 Zl_ > has its zeros all simple ones located at
T T

A s T mm
= — — 4+ nT - —
2 T

T 2T
or at
T T n
z2=—— —+naT —mmn,
2 2
which is equivalent to
T 7T
z = 5—&-7 + T+ mamT,

1
for integral ny and my. Therefore the zeros of 05 (z|7) and those of 03 (Z‘ - )
T T
coincide. Hence the function (20 has no singular points in the finite plane.

To show that (z) has the desired two periods, consider ¥(z+ ) and Y(z +7T).

03(z + w|T)
exp (77) 63 (2571 - 1)
Recall that (basic table) 05(y + w,t) = O3(y|t) and that

Yot m) =

O3(y + wt|t) = e eV h5(y|t).

Since 05(z) is an even function of z, we may now write
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03(2[7)

o (2) o ()6 (= 21— 1)
il

¥z +7)

exp (
= 1(2).

Thus ¥(z) has a period w in z. Next consider (z + w7) :

03(2: + 7T7'|T) efiﬂ"r 72iz93(2|7,)
Y(z+7T) = = .
exp ((z+7‘r‘r)2> 93 (zt7r7| _ %) exp (m exp (WT) 6‘3 (,IZ_ + 7T| - %))

T

We thus obtain

0s(z|7)
exp (£7) 0s (2] - 1)
Therefore ¢ (1) also has the period w7 in z.

We can now conclude that (z) is an elliptic function of order less than two. It
is a constant with the value

|psi(z 4+ 77) = = (2).

6:00/) _ 6s(0]7)
%30 — 1) 63(0] - 1)

1
T )

c=9(z) =4(0) =

We shall evaluate ¢ later. At present we have

(A4) 03(z|7) = cexp <7r2227> 05 <i

upon which we shall use our basic table.
In (A) replace z by (z + %) to get

(e ) oo (S ) (24 5]-2)

We conclude that

B) el = e () 0 (2]-2).

Return to (A) and replace z by (z + g) to get

(5 —eom 2T (2 2] )

or
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Hence we arrive at

(©)  6a(2]7) = coxp (WZZ) 0, <i’ - i) .

Now in (C) replace =z by (z + %T) . We thus obtain

0 (o) = L0 (205 1)

or

iexp (—T) exp(—iz)01(z|T) = cexp ( ZZ
T

we arrive in this way at

) el =ietn (2]~ 1)

We still need to find the value of c. From (D) we get

B s =So (2= 1),

We wish to put z =0 in (E) and use the known result that 0] = 020504. From
(E) we thus get

6(0/7)85(0]7)84 (0]7) = %92 (0 _ i) 05 (0 _ i) 0, <0| _ i) ,

00lr)  0s0r)  0u(0lr) _ic
04001 = 7) 0500 —7) 62(0] = 1)
With the aid of (A),(B),(C), we may conclude that

or

ic
cce = —,
-
or
-1
=
iT
Hence ¢ = (77;7-)7% or ¢ — 7(71.7_),%.

Now 03(z) was defined by



184SOLUTIONS BY SYLVESTER J. PAGANO AND LEON HALL; EDITED BY TOM CUCHTA

(o)
O3(z|7) =1+2 Z eimn’T cos(2nz).
n=1

It follows that, if T is pure imaginary, then

o0
0307) =1+2) ™ i1 >
n=0
and, since —1|7 is also then pure imaginary,

1
03 <0|—T> > 0.

We may therefore conclude that ¢ = (—it)"=.

Final result of our work is that the set of identities

b (2I7) = (=ir) "} exp <W> ( )
0a(2|7) = (—ir) "} exp <W> ( )
bazlr) = i(—ir)~ ZQXp< ) ( -1,
01(2lr) = i(ir) Qexp( ) ( ‘_>

With regard to the usefulness of these formulas, note that ¢ = exp(mit) so that
lg| = exp[—Im(r)]. For Im(t) > 0,|q| < 1 and we have convergence of the series
definitions of the theta functions but that convergence is slow if Im(7) is small so
that |q| is near unity.

Since

\1\’—‘

\H)—‘

()50

the parameter (—7 1) will be useful in computations with Im(t) small and posi-
tive.

23. CHAPTER 21 SOLUTIONS
1

Problem 1. Derive the preceding addition theorem (7) by the method of Section
179. You may use results from the exercises at the end of Chapter 20.

Solution 1. We seek an addition theorem for cn(u). Now

—2
cn(u) = %792@932).
02 04(ub3”)
At the end of Exercise 5, Chapter 20 we obtained

0104(x + 4)0a4(z — y) = 03(2)03(y) — 07 (2)63 ()



SOLUTIONS TO RAINVILLE’S “SPECIAL FUNCTIONS” (1960) 185

The next to last equation in Exercise 10, Chapter 20, is

020402(x + y)0a(x — y) = 02(2)04(2)02(y)04(y) — 01()03(x)01(y)05(y).
We divide the last equation above by the one preceding it to get
Or(x+y) _ 02(x)0a(x)02(y)0a(y) — 01(x)03(x)01(y)05(y)
O4(z +y) 03 (2)0% (y) — 0% ()07 (y)
02(x) O2(y) _ 01(z) 03(=) 01(y) 03(y)
_ 94(@) 04(y)  ba(x) ba(x) Oa(y) 0a(y)
1 — 9i(=) 63(y)
03 () 03(y)

Now use x = uf3? and y = v03 > to obtain

65 05 z—icn(u)%cn(v) - %sn(u)?—idn(u)g—isn(v)%dn(v)
7icn(u + U) = 92 02
0404 1 — Z3sn?(u)ggsn?(v)
. (u)en(v) — sn(u)dn(w)sn(v)dn(v)
cn(u)en(v) — sn(uw)dn(uw)sn(v)dn(v
enfu+v) = 1 — k2sn2(u)sn?(v) ’
as desired.

Problem 2. Derive preceding (8) by the method of Section 179, with the aid of
results from the exercises at the end of Chapter 20.
Solution 2. We know that
G 6
C O3 0,(ubz?) 0%
From the last equation of Exercise 10, Chapter 20 we get

030403(x + y)0a(x — y) = 03(2)04(2)05(y)04(y) — 01(2)02()01(y)02(y)
and from the last equation of Ezxercise 8 Chapter 20 we get

0104(x + y)0a(z — y) = 63 ()01 (y) — 67 (2)67 ().

The two equations about at once yield

dn(u)

9—39—3dn(u o) Z—idn(u)z%dn(v) - g—isn(u))Z—icn(u)%sn(v)z—jsn(v)
04 04 1-— Zéan (u)ﬁsn2 (v)

03

Hence we arrive at the desired result,

_dn(u)dn(v) — k*sn(u)en(u)sn(v)en(v)
B 1 — k2sn2(u)sn2(v) '

1
Problem 3. Show that /cn?’(x)dn(x)dm =sn(x) — —sn’(z) +c.

dn(u + v)

3

Solution 3. We wish to evaluate

/ en®(2)dn(z)dz.

We know that d
—dn(z) = en(z)dn(z)
dx

and that

en?(z) = 1 — sn?(x).
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Hence
/cn?’(x)dn(x)dx = /[1 —sn?(z)]en(z)dn(z)dzx

=sn(z) — gSHQ(Z‘) +ec.

Problem 4. Show that if g(x) and h(x) are any two different ones of the three
functions sn(x), cn(x),dn(z), and if m is a non-negative integer, you can perform
the integration

/92m+1(x)h(x)dw.
Solution 4. Consider
A= / P (2)h () dx.

We know that

d
d
&cn(x) = —sn(x)dn(x);
d
&dn(x) = —k?sn(z)en(z).

Now let g(x) and h(z) be any two different ones of sn(z), cn(x),dn(x). Let (x) be
the other of the three functions. Then

g(@)h(z)de = crd[y(z)],

-2

in which ¢y = 1,—1 or —K 2 according to whether ¢(x) is sn(x),cn(x), or dn(z).

Now we also know that

sn?(z) + en®(z) = 1,
k?sn’(x) + dn’(z) = 1,
dn?(z) — kK*en®(z) = 22.

Therefore the square of any one of sn(x),cn(x),dn(x) is a linear function of the
square of any other one of them. Hence we may write

gQ(x) =a; + b1¢2(at).
We know have
[ t@h@ds = [i¢@)"g@h(e)ds
=1 [lar+ b0 (@) duo),
which is integrable as a sum of powers.

Problem 5. Obtain the result

/sn(x)dx = %1og[dn(:z:) — ken(z)] + c.
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Solution 5. C’onsider/sn(x)dx. We may write

f e 'z;[gg(;)] o

dn m) kcn(x

/ n(z)] - kfc 8)]
dn(z) — ken(z)

= Llogldn(z) — ken(x)] +c.

— |

Problem 6. Show that

(1 —k)[1 + ksn?(x)]
dn(2z) — ken(2z) = T~ Fen?(z) .
Solution 6. We wish to show that
(1 — k)[1 + ksn?(x)]

1—ksn2(z)
Now from the addition formulas of Exercises[]] and[9 we obtain
dn®(z) — k?sn?(x)dn?(z)
1 — k2sn*(z)

dn(2z) — ken(2z) =

dn(2z) =
and
en?(x) — sn?(z)dn?(z)
1 — k2sn(z) ’
Let us put each of the above in terms of sn(x). We get
1 — k?sn?(z) — k?sn?(2)[1 —sn?(z)] 1 —2k%sn?(z) + k*sn'(x)

cn(2x) =

dn(2z) = 1 — k2sn(z) B 1 — k2sn*(z)
97 — 1 —sn?(z) —sn?(z)[1 — 2%sn?(z)] 1 — 2k*sn?(z) + k?sn(x)
en(2) = 1 — k2sn(z) B 1 — k2sn*(z)
Then

11— k?*sn?(z) — k*sn?(z) + k?sn*(z) — k + ksn?(x) + ksn?(k) — k3sn(x)

N 1 — k2sn4(x

_ 1+ ksn?(x) + ksn?(2)[1 + ksn?(x)] — k[(l zi— ksn?(x)] — k2sn?(x)[1 + ksn?(x)]
[1 — ksn?(x)][1 + ksn?(x)]

1+ ksn?(z) — k — k?sn?(x)

N 1 — ksn2(x)

~ 1—k+ k(1 —k)sn?(x)

N 1 — ksn?(x) '

dn(2z) — ken(22)

Hence

(1-kK)[1+ kan(:r)].

dn(2z) — ken(2z) = 1 — ksn?(z)
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