Presentation #1

Tuesday, August 26, 2025 3:42 PM
Povlowr | B3

3 Suppose f,g: [a,b] — R are bounded functions. Prove that

L(f, la,b]) + L(g, [a,b]) < L(f + &, [a,b])

" U(f + 8, [a,b]) < U(f, [a,b]) + U(g, [a,b]).
Pt ket figilabed R ke bdd facks. = (§19) ‘[ab] 7R is a bdd fnck.

Fonn Rl Avelysic , fov mmy set A SR,

m(f»r%) ém(fh m(%\ e rﬁ (§+q) Z;’A:i(&) +>ivj(c6»). (*)

By Af. 1.3, the upper amel lower Riemanat sums over amy pavtition. P ot [aw] ave datined as follows:
mm,P,ta,.m)=J§(x3-xj_,)\*mf% ol L,P Ta,l)) = é-‘(m"%-.)l*\:ﬁ')«», here I Cayed =R is a ldd ok, F)
Tm,com\oiniwa (%) md (%) anmel S wlogtituwk ingy J?4=j,g\,(]‘fq) pvovi deg

W(§+q,P)Ca,kl) £ Ui, P)Taled) + Wig,P Laib]) and

L(f+y,P Lapd) = LU§,P)Cab)) + Lig,P,la,b]) , for vy potition P

By def. 13, the woper amel lower Ritmnn viegrals aie defined ad followst

W (& ,Ca,03) =(:2fpuwp,ﬁa,b3) anmd L(%,Ea,bjkml-(%m Cabd), whore M Ta o] R is o bdd fack.

=7 W(h,L[ad) £ UG, P, (a0]) awd L(h,[a,b]) Z LA,P Cab]), o g PO O P, and thheie Wold ﬁNJmf,g,(wp.
L £70 b avbitmg . Tt follows fomn the difs of imfimum and supromuin

Mok, for £70, thure exisk poctitions PP P amd Ppoof [ai] st

W, P, Cald) € W, Labd) + 5 amd W(g,P,,(n6]) < W(q,Ca,)+ T (o)

£

Likwise, L (f,P,,Caed)Z LI, (o))~ 2 amd L(g,P, [abd) 2 L(g,fm\o])—%.

)

Lt P=PUP,UP,UP,. Thwv, by thm. 15, e P,,P, P, Py =P,

W(§, P, Cabd) € WP, Lab)) amd  W(g, P, Ta6) £ Uiq,P, ,Ca,l]). ()
Similarly | L(4,P,Ta,b)) = L(§,P,,00,0)) amnel L(g,P,Ca,bd) Z Lg,P,la)b]).
PwHiV\ﬁ , L0, 00), amd () ame Hogetaer Yields

W(ftg,Cab]) = U(F+q, P (a,b]) & U({) P Caied) + Uiq,P labd) £ Uf)P),Caibd) T U(g,Ps,Tak)) = W (§,Ca,b3)+ W(g,fald) + ¢ and

l—(f"'@/‘:”"bj)z L(f+f1) P/Ea'bj) = L(i,P,{a\,b])‘l'L(_cﬁ,P,fq,b]> Z L(f,Pa,Em\o'l) T L(Q)Pf;[a)b_)) z L(f,[a,\o—)) t L(ﬂ,fa;\o]) - E.

Simpl\'ﬁjima gives wt U(frg ,Layl3) £ UW(f,fa)d) + Uig,fall) +¢
amd  L(f1q,Lap]) Z L, Ta,bd) tL(q,Ta,6]) ~€ , Ye70.
o 8ine Wi holde for all €70, we conclude Haat

Wif+g , [a/bd) ¢ W(f,Cab]d) + Ulg,Taid]) amd L(f*g, Cai6d) 2 L(f, Caisd) + L(g,Taikd) //



