5.2 Measure

Hence A4 is a null set. Since V(4) + V,[(0, 1) — A] = 1[(0, )] = 1, the
set of irrational numbers in (0, 1) has measure 1 and therefore must be an
uncountable set.

ExaMPLE 5. Let A = M, where M is an (n — 1)-manifold. It is plausible that
the n-dimensional measure of A4 is 0, and this fact is proved in Section 5.8.
Hence any such set 4 is a null set.

A sequence of sets A, A,, ... is called monotone if either 4, = 4, < .-
or 4; o A, o ---. In the first instance the sequence is called nondecreasing,
and in the second instance nonincreasing.

Theorem 5.3
(@) Let A;, A,, ... be anondecreasing sequence of measurable sets. Then
(5.11) V( U A‘.) = lim V(A,)
v=1 V= oo

(b) Let A,, A,, ... be a nonincreasing sequence of measurable sets, such
that V(A,) < oo. Then

(5.12) V(ﬁ A\.) = lim V(4,)

=1 v— 00

PrOOF. Let us prove the theorem under the assumption that there is a
spherical ball U such that 4, < U for each v = 1, 2, .... This restriction
will be removed in Section 5.10. To prove (a), define B,, B,, ... as in the
proofs of Theorems 5.1 and 5.2. Then

V(U A‘,) = Y V(B
v=1 k=1
Since A, € A, < ---,we have B, U --- U B, = A,. Therefore
V(4,) = Y V(B
k=1

We get (5.11) by taking the limit as v —» co. To get (5.12), we apply (5.11) to
the nondecreasing sequence of sets C, = U — 4,, and note that V(C,) =
V(U) — V(A,)since A, = U. O

ExaMPLE 6. To see the need for the assumption V(A4,) < co in Theorem
5.3(b), let n =1 and A, = [v, ). Then A, > 4, > --- and V(4,) = +®©
for each v=1,2,.... However, 4, nA,n --- is empty, and hence
VA, nA,n--+) = 0.
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5 Integration

PROBLEMS

In 1, 2, and 3 assume that the sets are bounded.

10.

11.
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Let A and B be measurable. Show that-
(@) V(A — B) = V(A4) — V(4 ~ B).
(b) V(AU B) + V(A A B) = V(A) + V(B).

. Show that if 4, B, and C are measurable, then

V(AU BUC) = V(A) + V(B) + V(C) — V(A B) — V(4 ~ C)
—VBNnC)+ V(AnBN Q).

. Show that if A is measurable and B is a null set, then

V(AU B) = V(4 — B) = V(A).

Let A=A, 0UA,0---, where 4, = {(x,y):x=1/k0<y<l}fork=12...
Show that V,(4) = 0.

Let A, be the circular disk with center (0, 0) and radius 1. Fork = 1,2, ..., let 4,
be the circular disk with center (1 — 47%)e, and radius 47*"!, Let 4 = 4, —
(A] | A2 [\ '). Find Vz(A)

. Prove Lemma 1. [Hint: Consider the collection of all intervals I such that I < G.

The interiors int I of these intervals form an open covering of K.]

Prove Corollary 1 to Proposition 5.1a. [Hint: If K < G, then G = K U (G — K).
By Proposition 5.1a, V(G) = V(K) + V(G — K).]

. (a) Show that if A and B are countable sets, then 4 U B is countable.

(b) Show that if B = A4 and A4 is countable, then B is countable.
(c) Show thatif A,, A,, ... are countable sets, then 4, U 4, U - .. is countable.

. Let A = {x,, x,,...} be a countable subset of (0, 1). Given 0 < ¢ < 1, let ¢, =

2% VL= —¢&g,x,+¢g)randG=1,ul,uU---.

(a) Show that V;(G) < &.

(b) In particular, let 4 be the set of rational numbers in (0, 1). Let K = [0, 1] — G.
Then K is a compact subset of the irrational numbers. Show that V{(K) > 1 — ¢,

(c) Show that K = fr K.

Let C be the Cantor set, defined in Problem 5, Section 2.4.

(a) Show that C is a null set (V,(C) = 0).

(b) Show that xe Cifand only if x = Y2, a;3 ' whereq; =0or2,i=1,2,....

(c) Let f(x)=Y2,a27 """ for xe C. Show that f(C)= [0, 1]. Hence C is
uncountable.

(d) For x in the kth interval of 4;(Problem 5, Section 2.4) let f(x) have the constant
value 2k — 1277 k=1,2,...,271j=1,2,.... Show that f is continuous
and nondecreasing on [0, 1]. [Note: f is called the Cantor function.]

Show that any straight line in E? has area 0.



