MATH 2502 - EXAM 3 SPRING 2019
SOLUTION

Wednesday, 17 April
Instructor: Tom Cuchta

Instructions:

e Show all work, clearly and in order, if you want to get full credit. If you claim something is true you
must show work backing up your claim. I reserve the right to take off points if I cannot see how
you arrived at your answer (even if your final answer is correct).

Justify your answers algebraically whenever possible to ensure full credit.

Circle or otherwise indicate your final answers.

Please keep your written answers brief; be clear and to the point.

Good luck!

Formulas

(TFD) Test for divergence: if lim a, # 0, then Zan diverges
n— oo

o o
(IT) Integral test: if a,, > 0 and a,, = f(n) with f continuous and decreasing, then / f(z)dz and Zan

either both converge or both diverge
(CT) Comparison test:

oo
(i) if 0 < a, < b, and Z b, converges, then Z a, converges

n=1
(ii) if a,, > b, > 0 and Z b, diverges, then Z an diverges
(LCT) Limit comparison test: suppose a,,b, >0
(i) if lim n _p, # 0, then Z a, and Z b,, either both converge or both diverge

n—,oo

(i) if lim 9n _ 0 and Z b,, converges, then Z a, converges

n—00 n

(iii) if lim In — 5 and an diverges, then Zan diverges

n—oo by,

AST) Alternating series test: an alternating series of form —1)"b,, converges if 0 < b,y < b, and
+

lim b, =0

n—r00

(RaT) Ratio test: let L = lim ntl
n—oo |

(i) f0 < L <1, then Z a, converges absolutely

(ii) If L > 1, then Zan diverges
(iii) If L = 1, then the test is inconclusive.
(RoT) Root test: let L = {/|ay]|.
(i) f0 < L <1, then Z a, converges absolutely

(ii) f L > 1 or L = oo, then Zan diverges.

(iii) If L = 1, then the test is inconclusive.

o0

(Remainder estimate) If a,, > 0 and a,, = f(n), then Ry < / f(x)dx
N



Sk

1. (18 points) Find the exact value of the series.

(a) (9 points) f: (-?)n

n=0

2
Solution: This is a geometric series with r = —% Therefore it converges and we have

NOEE

(b) (9 points) ni (cos (;) — cos (nil»

Solution: This is a telescoping series. Consider a partial sum:

AN e
COS T —1 COS COS COS 2 T 1

(0 21

Therefore we may compute

= 1 1
Z (cos () — cos ()) = lim S
= n n+1 k—oo

lim cos
k— o0

= COS

= COS

N = N =

2. (64 points) Converge or diverge? Why? Explain using one of the tests on the front page of the exam.

Each explanation must be complete for full credit.

(a) (9 points) Z (_1);72111(”)

Solution: Let b,, =

n—>o<>12'n,

= lim —
n—oo 2n2

=0.

(oo}

354 2n+1)"
(b) (9 points) Z (5 & Ay
n=1

(D_COS(kil)

—cos(0)

- 1.

n=1

( - — use L’Hopital’s rule)
%)

o0
—1)™1
Therefore by the alternating series test, we may conclude that Z (=1)" In(n

n2

converges.



(n®+2n+1)"

Solution: Let a,, = (75 + Tn2)n

. Compute

o . (P 2n+ )"
A [Vanl = lim =y

nd4+2n+1
nes00 n® + 7n?

)

the conclusion that the limit is zero follows either from applying L’Ho6pital’s rule multiple times or
by noticing that the polynomial in the denominator is of a higher degree than the polynomial in

= (n? 4204+ 1)
the numerator. Therefore by the root test, we may conclude that Z —————— converges.
— (nb + 7n2)n
(oo}
(9 points) Z nl2"
n=1
Solution: Let a,, = n!2™ and compute
1)l2ntt
lim Antl| _ lim 7(71 +1)
n—oo | ap, n—00 nl2n
= lim 2(n+1)
n—oo
= 0.
[e ]
Therefore by the ratio test, we conclude that Z n!2" diverges.
n=1
o0 32 17
n>*+2n" +9n —1
9 points
(0 points) ;37132—9007134—2712—77
Solution: Compute
. n32 4+ om"49n—1 1
lim = .
n—oo 3n32 —900n3 + 2n2 — 7 3
0 32 17
. n>e+2n'"+9n —1 .
Therefore by the test for divergence, ; 3772 — 900m% 2% — = diverges.
= 1
9 points
(@ points) 3°
n=0 1 1
Solution: Let a,, = T and b, = 3n- Compute
1
lim 2% — lim =
. 3"+n
= lim
n— 00 3n
= lim 1+ —
n—oo
=1
o0 o0
. B . . . . R . fore by th
Since Z b, = Z 3n 52 geometric series with r = 3 it is a convergence series. Therefore by the
n=0 n=0
(oo} oo
limit comparison test, we conclude that Z an = Z T also converges.

n=0 n=0



(f) (9 points) Z nhi(n)

Solution: Co_mpute

———dz = lim ——dz
o zln(x) b—oo Jo xln(x)

u=In(x H:l x ln(b) ].
1()’:(1 =4 lim —du
b—o0 111(2) u
In(b)
= lim In(u)
b—oo
In(2)
= lim In(In(d)) — In(In(2))
n—roo
= 0.

o0
Therefore sine the integral /
2

= 1
sum Z
= nln(n)

(g) (10 points) Z 2(n!)22

dz diverges, the integral test allows us to conclude that the

1
x1n(x)

also diverges.

2 (2n)))
2(n!)?
Solution: Let a,, = ((2(2))')2 Compute
2((n+1)1H?
i Ap41 — lim ((2(n+1))")?
n—o00 Ap n—00 2(n!)2
((2n)1)?

i A+ DY2((2n))?
oo J((2n 4 2))2(n)?

~ lim (n+ D2 HTEm02
nee (20 +2)(2n + 122 (h?

. n24+2n+1
im ———mMm—
7i—>oo 4n? 4+ 6n + 2

1

1 — 2(n!)?
Since 1 < 1, the ratio test allows us to conclude that Z { (n)) converges.

(2n)!)?
3. (9 points) Conditionally convergent, absolutely convergent, or neither? Explain.

>

1
Solution: First we show that this series converges using the alternating series test: let b, = —, then

vn

n

lim b, = lim — =0,
n—o00 n—oo 1/MN

n

(o]
and so by the alternating series test, Z ( converges. So, at worst, it wil be conditionally convergent.



o (-D)"
Is Z absolutely convergent?

Jn

n=1

To decide this, we have to investigate whether or not Z \/» converges or not. We will use the integral

test to show that it diverges: compute

* 1 b
—d li —2d
/1\/9E“’C binc}olxzx

1

1‘2

= hm T
b—oo 3

1
lim 2vb — 2V/1
— 00

= Q.

b

Therefore by the integral test, we say that Z f diverges. Therefore we say that the alternating series

>

is NOT absolutely convergent. Hence it is conditionally convergent.

4. (9 points) How many terms of the series Z — would guarantee the value of the sum with a remainder
n

n=1
error of < 0.000017
Solution: Using the remainder estimate, we see that

1 1
RNS/N de:"':ﬁ'

Therefore to guarantee a remainder error < 0.00001, it suffices to choose an N so large that
1
Ry < N < 0.00001.

Therefore taking reciprocals shows that taking

_q
> 0.00001 100000

terms of the sum will guarantee the desired accuracy.



