
MATH 2502 - EXAM 2 SPRING 2019

SOLUTION

Friday, 8 March
Instructor: Tom Cuchta

Instructions:

• Show all work, clearly and in order, if you want to get full credit. If you claim something is true you
must show work backing up your claim. I reserve the right to take off points if I cannot see how
you arrived at your answer (even if your final answer is correct).

• Justify your answers algebraically whenever possible to ensure full credit.

• Circle or otherwise indicate your final answers.

• Please keep your written answers brief; be clear and to the point.

• Good luck!

Formulas

• Volume = 2π

∫ b

a

xf(x)dx

∫
ln(x)dx = x ln(x)− x+ C

∫
1

x2 + 1
dx = arctan(x) + C

•
∫
udv = uv −

∫
vdu

• for

∫
sinj(x) cosk(x)dx...

a.) if j odd, then reserve a sin(x) and convert remaining sines into cosines, then u = cos(x)

b.) if k odd, then reserve a cos(x) and convert remaining cosines into sines, then u = sin(x)

c.) if both j and k even, then use reduction formulas cos2(x) =
1 + cos(2x)

2
and sin2(x) =

1− sin(2x)

2

• for integrals involving , substitute

a.)
√
a2 − x2 −→ x = a sin(θ)

b.)
√
a2 + x2 −→ x = a tan(θ)

c.)
√
x2 − a2 −→ x = a sec(θ)

• sin(ax) cos(bx) =
1

2
sin((a− b)x) +

1

2
sin((a+ b)x))

• partial fractions

a.)
1

(a1x+ b1) . . . (anx+ bn)
−→ A1

a1x+ b1
+ . . .+

An
anx+ bn

b.)
1

(ax+ b)m
−→ A1

ax+ b
+

A2

(ax+ b)2
+ . . .+

Am
(ax+ b)m

c.) if ax2 + bx+ c is an irreducible quadratic, then
1

ax2 + bx+ c
−→ Ax+B

ax2 + bx+ c



1. (10 points) Consider the region lying in quadrant 1 bounded by the curves y = 4 − x2, x = 0, x = 2,
and y = 0 rotated about the x-axis.

(a) (5 points) Draw the described region, draw the shadow region, and draw appropriate shell(s)/washer(s).
Solution:

(b) (5 points) Write but do not evaluate the integral used to compute the volume of the solid of
revolution.
Solution: Using the shell method, we have

Volume = 2π

∫ 4

0

y
√

4− ydy.

2. Calculate the integrals.

(a) (12 points)

∫
1

(x− 2)(x+ 1)
dx

Solution: We must decompose the integrand using partial fractions. To do so, write

1

(x− 2)(x+ 1)
=

A

x− 2
+

B

x+ 1
.

Now multiply both sides by the common denominator (x− 2)(x+ 1) to get

1 = A(x+ 1) +B(x− 2),

i.e.
0x+ 1 = (A+B)x+ (A− 2B).

Equate coefficients to get the system 
0 = A+B (i)

1 = A− 2B (ii)



To solve it, take (i) and solve for A to get

A = −B.

Plug this into (ii) to get
1 = −B − 2B,

i.e.
1 = −3B,

hence

B = −1

3
.

Consequently, A =
1

3
. Therefore we may now compute

∫
1

(x− 2)(x+ 1)
dx =

∫ 1
3

x− 2
+
− 1

3

x+ 1
dx

=
1

3

∫
1

x− 2
dx− 1

3

∫
1

x+ 1
dx

=
1

3
ln(x− 3)− 1

3
ln(x+ 1) + C.

(note: technically, u-substitutions are used to get the last step, but they were omitted)

(b) (10 points)

∫
xe7xdx

Solution: We shall use integration by parts. Let u = x and dv = e7x. Then we conclude that

du = dx and v =
1

7
e7x. Now integration by parts tells us that

∫
xe7xdx =

x

7
e7x − 1

7

∫
e7xdx

=
x

7
e7x − 1

49
e7x + C.

(note: technically, integrating e7x uses a u-substitution, but it was omitted)

(c) (10 points)

∫ ∞
0

e−5xdx

Solution: Calculate ∫ ∞
0

e−5xdx = lim
b→∞

∫ b

0

e−5xdx

= lim
b→∞

(
−1

5

)
e−5x

∣∣∣∣∣
b

0

= −1

5
lim
b→∞

e−5b − e0

= −1

5

(
0− 1

)
=

1

5
.

(d) (12 points)

∫
1√

1− x2
dx

Solution: Use the trigonometric substitution x = sin(θ), so dx = cos(θ)dθ. Plugging this into the



integrand yields ∫
1√

1− x2
dx =

∫
1√

1− sin2(θ)
cos(θ)dθ

1−sin2(θ)=cos2(θ)
=

∫
1√

cos2(θ)
cos(θ)dθ

=

∫
1dθ

= θ + C.

We now need to write this in terms of x. From the assignment x = sin(θ), take the inverse sine of
both sides to get θ = arcsin(x). Therefore we have shown∫

1√
1− x2

dx = arcsin(x) + C.

(e) (8 points)

∫ π

0

sin(2x) cos(5x)dx

Solution: Using the trig identity on the front page for multiplying sines and cosines, we see

sin(2x) cos(5x) =
1

2
sin(−3x) +

1

2
sin(7x) = −1

2
sin(3x) +

1

2
sin(7x).

From this we see∫ π

0

sin(2x) cos(5x)dx = −1

2

∫ π

0

sin(3x)dx+
1

2

∫ π

0

sin(7x)dx

=
1

6
cos(3x)

∣∣∣∣∣
π

0

− 1

14
cos(7x)

∣∣∣∣∣
pi

0

=
1

6

(
cos(3π)︸ ︷︷ ︸

=−1

− cos(0)︸ ︷︷ ︸
=1

)
− 1

14

(
cos(7π)︸ ︷︷ ︸

=−1

− cos(0)︸ ︷︷ ︸
=1

)
= −2

6
+

2

14

= −1

3
+

1

7

=
−7 + 3

21

= − 4

21
.

(f) (14 points)

∫
cos4(x)dx

Solution: Using the identity cos2(x) =
1 + cos(2x)

2
twice, we observe

cos4(x) =
(
cos2(x)

)2
=

(
1 + cos(2x)

2

)2

=
1 + 2 cos(2x) + cos2(2x)

4

=
1

4
+

1

2
cos(2x) +

1

4

(
1 + cos(4x)

2

)
=

3

8
+

1

2
cos(2x) +

1

8
cos(4x).



Therefore we compute ∫
cos4(x)dx =

∫
3

8
+

1

2
cos(2x) +

1

8
cos(4x)dx

=
3

8
x+

1

4
sin(2x) +

1

32
sin(4x) + C.

(g) (10 points)

∫ 5

0

ln(x)dx

Solution: Note that ln(0) is undefined, so we must treat this as an improper integral at 0. Compute∫ 5

0

ln(x)dx = lim
a→0

∫ 5

a

ln(x)dx

= lim
a→0

x ln(x)− x

∣∣∣∣∣
5

a

= lim
a→0

(
5 ln(5)− 5

)
−
(
a ln(a)− a

)
Since lim

a→0
a ln(a) gives a 0 · (−∞) situation, we may use L’ôpital’s rule to calcuate the limit as

follows:

lim
a→0

a ln(a) = lim
a→0

ln(a)
1
a

L′H
= lim

a→0

1
a

− 1
a2

= lim
a→0
−a

2

a

= − lim
a→0

a

= 0.

Therefore this completes the calculation of the integral and we see∫ 5

0

ln(x)dx =
(

5 ln(5)− 5
)
− (0− 0) = 5 ln(5)− 5.

(h) (14 points)

∫
x2 + x

(x− 1)(x2 + 1)
dx

Solution: This is a partial fractions problem with a linear factor and an irreducible quadratic factor.
Therefore our decomposition takes the form

x2 + x

(x− 1)(x2 + 1)
=

A

x− 1
+
Bx+ C

x2 + 1
.

Multiply by the common denominator (x− 1)(x2 + 1) to get

x2 + x = A(x2 + 1) + (Bx+ C)(x− 1)︸ ︷︷ ︸
=Bx2+(C−B)x−C

,

i.e.
x2 + x+ 0 = (A+B)x2 + (C −B)x+ (A− C).



Equating coefficients yields the system
A+B = 1, (i)

C −B = 1, (ii)

A− C = 0, (iii)

From (iii) we have A = C. Plugging this into (ii) yields A − B = 1, hence A = 1 + B. Plugging
this into (i) yields (1 +B) +B = 1, i.e. 1 + 2B = 1, so B = 0. Thus A = 1 + 0 = 1 and C = A = 1.
Therefore we may compute the integral as follows:∫

x2 + x

(x− 1)(x2 + 1)
dx =

∫
1

x− 1
+

0x+ 1

x2 + 1
dx

=

∫
1

x− 1
dx+

∫
1

x2 + 1
dx

= ln(x− 1) + arctan(x) + C.

3. (1000 points) (BONUS) (don’t try this until you are completely done with everything else) Compute∫ π
2

0

x ln(sin(x))dx.

Solution: It can be shown via a calculation that this integral’s value is∫ π
2

0

x ln(sin(x))dx =
1

16

(
7ζ(3)− π2 ln(4)

)
,

where ζ(3) =

∞∑
n=1

1

n3
is the so-called Apéry constant, a famous number which is known to be irrational

but for which no closed form is known to exist. Solving this integral would give a closed form for ζ(3)
by rearranging this formula as

ζ(3) =

16

∫ π
2

0

x ln(sin(x))dx+ π2 ln(4)

7
.


