
MATH 2502 - EXAM 1 SPRING 2019

SOLUTION

Friday, 8 February 2019
Instructor: Tom Cuchta

Instructions:

• Show all work, clearly and in order, if you want to get full credit. If you claim something is true you
must show work backing up your claim. I reserve the right to take off points if I cannot see how
you arrived at your answer (even if your final answer is correct).

• Justify your answers algebraically whenever possible to ensure full credit.

• Circle or otherwise indicate your final answers.

• Please keep your written answers brief; be clear and to the point.

• Good luck!

Formulas

n∑
k=1

k =
n(n+ 1)

2

n∑
k=1

k2 =
n(n+ 1)(2n+ 1)

6

Average value of f over [a, b]

AverageValue =
1

b− a

∫ b

a

f(x)dx.

Washer method (x-axis rotation)

Volume = π

∫ b

a

R(x)2 − r(x)2dx

Washer method (y-axis rotation)

Volume = π

∫ d

c

R(y)2 − r(y)2dx



1. (4 points) Assume that

15∑
k=1

ak = 12 and

15∑
k=1

bk = −5. Compute

15∑
k=1

5ak − 2bk.

Solution: Compute
15∑
k=1

5ak − 2bk = 5

15∑
k=1

ak − 2

15∑
k=1

bk

= 5(12)− 2(−5)

= 60 + 10

= 70.

2. (10 points) Use the special sum formulas to compute...

(a) (5 points)

10∑
k=1

k2 + 2k

Solution: Compute
10∑
k=1

k2 + 2k =

10∑
k=1

k2 + 2

10∑
k=1

k

=

(
10(11)(21)

6

)
+ 2

(
10(11)

2

)
= 5(11)(7) + 10(11)

= 495.

(b) (5 points)

20∑
k=1

(2k + 3)2

Solution: Compute

20∑
k=1

(2k + 3)2 =

20∑
k=1

4k2 + 12k + 9

= 4

20∑
k=1

k2 + 12

20∑
k=1

k + 9

20∑
k=1

1

= 4

(
20(21)(41)

6

)
+ 12

(
20(21)

2

)
+ 9(20)

= 4(10)(7)(41) + 12(10)(21) + 180

= 14180.

3. (5 points) Find the average value of the function f(x) = sin(x) over the interval
[
0,
π

4

]
.

Solution: Compute

1
π
4 − 0

∫ π
4

0

sin(x)dx =
4

π
(− cos(x))

∣∣∣∣∣
π
4

0

=
4

π

(
− cos

(π
4

)
− (− cos(0))

)
=

4

π

(
−
√

2

2
+ 1

)



4. (23 points) Find the antiderivative.

(a) (5 points)

∫
x2 + 5x+ 1dx

Solution: Compute ∫
x2 + 5x+ 1dx =

x3

3
+

5x2

2
+ x+ C.

(b) (6 points)

∫
cos(x)dx

Solution: Compute ∫
cos(x)dx = sin(x) + C.

(c) (6 points)

∫
x√

x2 + 5
dx

Solution: This requires a u-substitution u = x2 + 5, hence du = 2xdx, therefore
1

2
du = xdx.

Plugging this substitution in yields∫
x√

x2 + 5
dx =

1

2

∫
u−

1
2 du

=
�
��1

2

u
1
2

��
1
2

+ C

=
√
u+ C

=
√
x2 + 5 + C.

(d) (6 points)

∫
tan(x)dx

Solution: First note that tan(x) =
sin(x)

cos(x)
. This indicates that we will want to use a u-substitution.

Set u = cos(x) so that −du = sin(x)dx. Using this substitution, compute∫
tan(x)dx =

∫
sin(x)

cos(x)
dx

= −
∫

1

u
du

= − ln(u) + C

= − ln(cos(x)) + C.

5. (20 points) Compute the definite integral.

(a) (6 points)

∫ 2

0

x+ x2dx

Solution: Compute ∫ 2

0

x+ x2dx =
x2

2
+
x3

3

∣∣∣∣∣
2

0

=

(
22

2
+

23

3

)
−
(

02

2
+

03

3

)
= 2 +

8

3

=
14

3
.



(b) (7 points)

∫ 3

2

1

x ln(x)
dx

Solution: Use a u-substitution u = ln(x) so that du =
1

x
dx. The bounds change as follows: if

x = 2, then u = ln(2) and if x = 3, then u = ln(3). Therefore we compute∫ 3

2

1

x ln(x)
dx =

∫ ln(3)

ln(2)

1

u
du

= ln(u)

∣∣∣∣∣
ln(3)

ln(2)

= ln(ln(3))− ln(ln(2)).

(c) (7 points)

∫ 3

0

e7x−9dx

Solution: Use a u-substitution with u = 7x− 9, hence
1

7
du = dx. The bounds change as follows: if

x = 0, then u = 7(0)− 9 = −9 and if x = 3, then u = 7(3)− 9 = 21− 9 = 12. Now compute∫ 3

0

e7x−9dx =
1

7

∫ 12

−9

eudu

=
1

7
eu

∣∣∣∣∣
12

−9

=
1

7

(
e12 − e−9

)
6. (19 points) Consider the region bounded by the curves y = x2 and y = 1. Consider the solid of revolution

obtained by rotating this region about the x-axis.

(a) (5 points) Draw the described region, draw the shadow region, and draw appropriate washers.
Solution:



Note that the intersection of the curves y = 1 and y = x2 is given by 1 = x2, which solved for
x, gives x = ±1. Since we’re looking at the positive x-axis, we take x = 1 as the x-value of the
intersection point. The y-value of the intersection point is, of course, y = 1.

(b) (4 points) Identify the radius function(s) needed to compute the volume of the solid of revolution.
Solution: There is an outer radius R(x) = 1 and an inner radius (the hole) r(x) = x2.

(c) (5 points) Write down the integral that computes the volume of the solid of revolution. Solution:
Using the knowledge that the integral is a dx integral and intersection point has x-value x = 1, we
see

Volume = π

∫ 1

0

12 − (x2)2dx = π

∫ 1

0

1− x4dx.

(d) (5 points) Compute the volume by calculating the integral you wrote in part (d). Solution: Com-
pute

π

∫ 1

0

1− x4dx = π

[
x− x5

5

∣∣∣∣1
0

= π

[(
1− 1

5

)
−
(

0− 05

5

)]
=

4π

5
.

7. (19 points) Consider the region bounded by the curves y = 2−x2, x = 0, and y = x. Consider the solid
of revolution obtained by rotating this region about the y-axis.

(a) (5 points) Draw the described region, draw the shadow region, and draw appropriate washers.
Solution:



The intersection point is at the intersection of the curves y = x and y = 2−x2. Setting these equal
yields x = 2− x2. Rearrange this to get x2 + x− 2 = 0. The left-hand-side of this equation factors
giving us (x+ 2)(x− 1) = 0. Therefore these curves intersect at x = 1 and x = −2. The only one
of those solutions that matter in the picture is x = 1. The y-value of the point with x = 1 is y = 1.

NOTICE: The horizontal line y = 1 separates the types of washers into two types. Therefore our
volume integral must be different, depending on y-values between 0 and 1 and between 1 and 2.

(b) (4 points) Identify the radius function(s) needed to compute the volume of the solid of revolution.
Solution: For the upper washer: the radius (no hole) is R(y) =

√
2− y. For the lower washer: the

radius (no hole) is R(y) = y.

(c) (5 points) Write down the integral that computes the volume of the solid of revolution.
Solution: Calculate

Volume = π

∫ 1

0

y2dy + π

∫ 2

1

(√
2− y

)2
dy = π

∫ 1

0

y2dy + π

∫ 2

1

2− ydy.

(d) (5 points) Compute the volume by calculating the integral you wrote in part (d).
Solution: Calculate

π

∫ 1

0

y2dy + π

∫ 2

1

2− ydy = π
y3

3

∣∣∣∣∣
1

0

+ π

(
2y − y2

2

∣∣∣∣∣
2

1

= π

(
1

3
− 0

)
+ π

[(
2(2)− 22

2

)
−
(

2(1)− 12

2

)]
=
π

3
+ π

[
(4− 2)−

(
2− 1

2

)]
=
π

3
+
π

2

=
5π

6
.


