Homework 8 — MATH 4590 (Spring 2018)

oC
L. The Euler phi function ¢: (—1,1) — R is defined by ¢(z) = H 1—z® (this is
k=1
0.5,

o(z)dz using a
0.5
Riemann sum with a partition pair P, T where P contains 5 total points (draw

and label everything involved). A plot of the function is shown:

an “infinite product”). Estimate the value of the integral
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0.5
2. Estimate the value of qb(:z:)d:r: using the Darboux approach with a par-

tition P containing 5 pomts Compute both U and L to estimate (draw and 2
label everything involved). The picture of the function appears again for your ON"“J‘ .
convenience
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4. Prove that if the Riemann integral exists, then it is unique.

hint: suppose it is not unique, i.e. there are two different numbers Iy and I
that the integral takes; pick partitions with appropriate meshes according to the
definition of Riemann integrability and show that Ve > 0, |I; — Is| < e...the
triangle inequality will be useful!

Proof: Suppose that the Riemann integral of a function f took two values, say
I and Is. Let € > 0. Since we assumed that I; and I are 6; > 0 and d9 > 0
so that if P, T} is any partition pair with mesh(P;) < ¢; and P, Ts is any
partition pair with mesh(P;) < d2, then

€
|R(f, Py, Th) — 1| < 3

and .
|R(f, P2, T2) — I2| < 3

Now choose 0 < § < min{dy, d2}. Pick any partition pair P, T so that mesh(P) <
6. Then,

|Il *12| == ‘[1 *12+R(f5P7T)7R(f7P7T)|
< |I1 _R(f7P7T)|+|12_R(faP7T)‘ <€,

completing the proof. l

5. Suppose that f is continuous on [a,b] and that f(x) > 0 for all x € [a,b)].
b

Also suppose that / f(z)dz = 0. Prove that f(z) =0 for all z € [a, b].

Proof: Suppose that f is continuous, f(z) > 0 for all € [a,b] and that

/b f(z)dz = 0. Suppose that there exists z¢ € [a,b] so that f(z) # 0. Then

since we assumed f(z) > 0 for all z € [a,b], we must have f(zq) > 0. Sin;e( f )is
Zo

continuous, there exists § > 0 so that if |xg—t| < d, then |f(zo)— f(t)] < =

b
As the diagram below shows, this means that / f(x) > 0, which is a contra-

diction:




