




4. Prove that if the Riemann integral exists, then it is unique.
hint: suppose it is not unique, i.e. there are two different numbers I1 and I2
that the integral takes; pick partitions with appropriate meshes according to the
definition of Riemann integrability and show that ∀ε > 0, |I1 − I2| < ε...the
triangle inequality will be useful!
Proof : Suppose that the Riemann integral of a function f took two values, say
I1 and I2. Let ε > 0. Since we assumed that I1 and I2 are δ1 > 0 and δ2 > 0
so that if P1, T1 is any partition pair with mesh(P1) < δ1 and P2, T2 is any
partition pair with mesh(P2) < δ2, then

|R(f, P1, T1)− I1| <
ε

2

and
|R(f, P2, T2)− I2| <

ε

2
.

Now choose 0 < δ < min{δ1, δ2}. Pick any partition pair P, T so that mesh(P ) <
δ. Then,

|I1 − I2| = |I1 − I2 +R(f, P, T )−R(f, P, T )|
≤ |I1 −R(f, P, T )|+ |I2 −R(f, P, T )| < ε,

completing the proof. �
5. Suppose that f is continuous on [a, b] and that f(x) ≥ 0 for all x ∈ [a, b].

Also suppose that

∫ b

a

f(x)dx = 0. Prove that f(x) = 0 for all x ∈ [a, b].

Proof : Suppose that f is continuous, f(x) ≥ 0 for all x ∈ [a, b] and that∫ b

a

f(x)dx = 0. Suppose that there exists x0 ∈ [a, b] so that f(x) 6= 0. Then

since we assumed f(x) ≥ 0 for all x ∈ [a, b], we must have f(x0) > 0. Since f is

continuous, there exists δ > 0 so that if |x0−t| < δ, then |f(x0)−f(t)| <
f(x0)

2
.

As the diagram below shows, this means that

∫ b

a

f(x) > 0, which is a contra-

diction:
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