MATH 4590 - EXAM 1 - SPRING 2018
SOLUTION

16 February 2018
Instructor: Tom Cuchta

Instructions:

Show all work, clearly and in order, if you want to get full credit. If you claim something is true you
must show work backing up your claim. I reserve the right to take off points if I cannot see how
you arrived at your answer (even if your final answer is correct).

Justify your answers algebraically whenever possible to ensure full credit.
Circle or otherwise indicate your final answers.
Please keep your written answers brief; be clear and to the point.

Good luck!



1. (12 points) Write the definition.

(a) (4 points) Let M be a set and let d: M x M — [0,00) be a function. Define what it means for the
ordered pair (M, d) to be a metric space.
Solution: It means that the function d satisfies three axioms:

1. (Positive definite) d(x,y) > 0 and d(z,y) = 0 if and only if x = y,
2. (Symmetry) for all z,y € M, d(x,y) = d(y, z), and
3. (Triangle inequality) for all z,y,z € M, d(z,y) < d(z, z) + d(z,y).
(b) (4 points) Let (M,d;) and (N,ds) be metric spaces. Define what it means for f: M — N to be a
continuous function.
Solution: It means Ve > 0Vp € M3§ > 0 such that if ¢ € M and d; (p, q) < 6, then da(f(p), f(q)) <e.

(c) (4 points) Let (M,d) be a metric space, let p € M, and let (p,,) be a sequence in M. Define what
it means for p, to converge to p, i.e. p, — p.
Solution: Tt means Ve > 03N € N such that if n > N, then d(p,,p) < e.

o5n — 12
2. (17 points) Prove that the sequence a,, = 211 1 in the metric space (R,d), where d(z,y) = |z — y|,
n
5
converges to the number 3
29
2 -2 29 4 2 1
Proof: Let € > 0 and choose N € N with N > -< T Let n > N, then 4n > — —2 and so n2;_ > -,
€ €
hence o < €. Now compute
Spn—12 5| _ (10n — 24) — (10n + 5)
2n+1 2| 4n +2
| 29
|4n+2
29
4n 42
< €,

completing the proof. W

3. (17 points) Let (M,dy) = (N, d2) = (R, d), where d(z,y) = |z — y|. Prove that the function f: M — N
defined by f(z) = 32% + 5z — 1 is a continuous function.
€

——— 17. Let ¢ € M such that
3+ [6p + 5] } 1

Proof: Let ¢ > 0, let p € M, and choose 0 < § < min{
di(p,q) = |p — ¢q| < 6. Compute

da(f(p), f(@)) =1f(p)— f(q)l

|(3p* +5p — 1) — (3¢> + 5¢ — 1)
= [3(p* — ¢*) +5(p — )|
=|p—4q|I3(p+q) + 5]

= Ipfq|\3gqu+2p) + 5]

= |p—ql|3(¢ — p) + (6p + 5)|
A —inequality
Ip — ql(3lqg — p| + |6p + 5])

< 5(35+ |6p+5))
6<1
< 53+ |6p+5))

O<3¥Tepval €

3+ |6p + 5|

(3+1[6p+5|)

completing the proof. B



4. (17 points) Let M = {A, B,C} and define the function d: M x M — [0,00) by the following table of
values:
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Which axioms of a metric space does the structure (M, d) satisfy? Is this structure a metric space?
Solution: It satisfies two of the three. This function satisfies the positive definite property because all
of its outputs are nonnegative and d(z,y) = 0 if and only if 2 = y. The function is symmetric because it
is always the case that d(z,y) = d(y, z). However, this function does not satisfy the triangle inequality
because

d(A, B) £ d(A,C) +d(C, B)
5 AC

5. (17 points) Associate each metric to its unit circle. The “unit circle” in the metric space (R?,d) is the
set of points (z,y) whose distance from (0,0) is 1, i.e.

unit circle = {(z,y) € R?: d((x,y), (0,0)) = 1.

dah
NI

a.) b.) d.)
i.) The “discrete” metric: iii.) The “taxicab” metric:
L, z#y

dwn={ o 52

ii.) The “Euclidean” metric:
d = —_ j—

(w1, 1), (22.90) = V(o 2l 4 G —gp o) (o)) Zamatfn el o =)

Solution: i.) and b.) go together: this is because all points are exactly a distance 1 away from (0,0)

except for (0,0) itself!

ii.) and a.) go together: this is the “usual” metric and the “usual” circle

d((w1,91), (22, y2)) = |21 — 22| + |y1 — Y2
iv.) The “maximum” metric:

11
iii.) and d.) go together: since I'm adding coordinates, points like <§, 5) in quadrant I are on the unit

circle, because in this metric
11
d _ - —
((0,0), (3, 5))

iv.) and c.) go together: in this metric we are taking the maximum of the difference in the coordinates.
Therefore the unit circle consists of points which have the property that at least one of their coordinates
is exactly equal to 1 (and none are larger than 1).



6. (20 points) Let (M,d;) and (N, ds) be metric spaces with (N,ds) = (R, ds), where da(x,y) = |z — y|.
Furthermore, let f: M — N be a continuous function. Prove that the function g: M — N defined by
g(x) = |f(z)| is a continuous function.

(hint: recall the reverse triangle inequality: ||a| — |b|| < |a —b]|)

Proof: Let € > 0, let p € M. Since f is continuous, there exists a d; > 0 such that whenever ¢ € M
with di(p, q) < 0y, it follows that da(f(p), f(q)) = |f(p) — f(¢)| < e. Choose 0 < 6 < §y and let ¢ € M
with dy(p, q) < §. Calculate

da(g(p),9(q)) = lg9(p) —9(q)|
= ”f(p)Jf |f ()]l
<) - )
5<5f
< €,

completing the proof. B

7. (5 points) (Bonus) Let (M,d;) = (N,d2) = (R,d), where d(z,y) = |[x —y|. Let f: M — N and
g: M — N be continuous functions. Prove that the function h: M — N defined by h(z) = f(z)g(z) is
continuous.

Proof: Let € > 0 and let p € M. Since f is continuous, there exists a 6y > 0 such that if ¢ € M with

Ip — q| < &y, it follows that | f(p) — f(q)| < m

04 > 0 such that if ¢ € M with |p — ¢| < dg, it follows that |g(p) — g(g)| < min{2|f6( Ik ;}
p

Similarly, since ¢ is continuous, there exists a

Choose 0 < § < min{dy,d,} and let ¢ € M with |p — ¢| < . Compute

|h(p) = h(q)] = I[f(p)g(p) — f(@)g(q)]
=|fg) — f(@)g(q) +f(p)g(q) — f(p)g(a) |

add zero

= |[f(p)g(p) — f(P)g()] + [f(p)g(q) — f(@)g(d)]|

A —inequality
< Q)| +[f(p)g(q) — f(a)g(q)|
( I (p) = f(q)]
9(q) —9(p) +9(p) I (p) — f(9)]
—_———

add zero

ST ) lg) ~ 9(@)] + [lata) — 9w)] + 9|1 (w) ~ Fla)
LU (7o) et b0l 1) - @)

lg(p)—g(a)|<e
l9(P)—9(DI< 51757 R

5 +le+lg@f(p) — fla)l

605 € €
< 5o (s
+

Il
DN ™
N

|
\’m

completing the proof. B



