MATH 3315 - EXAM 3 SPRING 2017 SOLUTION
SOLUTION

Friday 31 March 2017
Instructor: Tom Cuchta

Instructions:

e Show all work, clearly and in order, if you want to get full credit. If you claim something is true you
must show work backing up your claim. I reserve the right to take off points if I cannot see how
you arrived at your answer (even if your final answer is correct).

Justify your answers algebraically whenever possible to ensure full credit.

Circle or otherwise indicate your final answers.

Please keep your written answers brief; be clear and to the point.

|
e Good luck! ) 1+ cos(2z)
cos*(x) = ————
2
() = 1—#5(2@

/csc(x)dx = —In(cot(x) + csc(z)) + C

/sec(x)dx = In(tan(x) + sec(z)) + C

To integrate sin™(x) cos™(z)...
m odd — save a sine and convert rest to cosines
n odd — save a cosine and convert rest to sines both m and n even
m even and n even — convert all to cosines

To integrate sec™(z) tan™(z)...

m even — save a secant squared factor and convert rest to tangents

n odd and m >0 — save a secant-tangent factor and convert rest to secants

m =0, n even — convert a tan? factor into a sec? factor, then expand and repeat as necessary
n =0, m odd — use integration by parts

The trigonometric substitutions are...
Va2 —z2 — x = asin(f)
a’?+ 12 — x =atan(h)

2?2 —a? — x = asec(h)




1. (77 points) Compute the antiderivative.

(a) (11 points) /xe‘”zdm

Solution: Via integration by parts with « = z and dv = e~'7*dz,

/xe*”wd:ﬂ =uv — /vdu
_ _i —17x _/ _i —17x
= m< 176 ) 176 dx

1 1
:77I€717z+ /6717zdx

17 17

1 —17. 1 —17.
- v _—_o~lr

177¢ 959 T

b) (11 points ——dz
(b) (11 points) [ -
Solution: First, we use partial fraction decomposition for the integrand. First, we factor > + 4z =

x (x2 + 4). Then our decomposition must be

1 _A Bx+C

x (22 +4) x+ x? +4
1=A(2*+4)+ (Bz+C)x

This leads to the system of equations

A+B =0 (3
C =0 (i1)
44 =1 (iid)
From (ii) we have that C'= 0 and from (iii) we have that A = ;. Combining with (i), we get that
B = —i. Thus
1 1 T

2 +4x Az 4(22+4)

1 1 1 1 T
/x3+4xdx:1/5dxii/x2+4dx'

Using u-substitution on the second integral with u = 22 + 4,

1 /1 1 T 1 /1 1 /1 1 1
~ | dz—-=> | —dz== [ =dz—= [ =du=-1 — —log(z? + 4 .
4/$m 4/m2+4x 4/9517 S/uu 4og(z) 80g(z+)+C

and we compute



(¢) (11 points) /sinz(x) cos?(z)dx

/ sin?(z) cos?(x)da = / (1 _C‘;S(zx)) (1 +C‘;S(2x)) dz

= i/ (1 - cos2(2x)) dz

1 1 )
= Z/ldx— Z/COS (2z)dx

1 1 / 1+cos(4x)d

Solution:

=171 ;0
= ix - é/ldx — é/cos(llx)da:
— ix — éx ~ 3 sin(4x)
= éx - % sin(4z) + C.
(d) (11 points) /ez cos(x)dx
Solution: Using integration by parts with u = cos(x) and dv = e”,
/e"” cos(z)dx = e” cos(z) + /ez sin(z)dz. (1)
Now let @ = sin(x) and do = e” to get that
/e“’ sin(z)dx = e sin(z) — /ez cos(z)dx. (2)

Combining (1) and (2) we have
/6z cos(x)dx = e” cos(z) + " sin(x) — /em cos(z)dx
2 / e’ cos(x)dx = €” cos(x) + €” sin(x)

1 1
/ew cos(z)dx = ieI cos(x) + 5693 sin(x) + C.
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(e) (11 points) /tanS(x) sec?(x)dx

Solution:

/ tan® () sec? (z)dz — / sec() tan(x) sec® () dz — / sec(z) tan(z) sec(z)ds

u:sgt(w) /u:&du_/udu

ut  w?
T 12
4 2
_ sec (z) sec*(z) LC
4 2

3
f) (11 points ——dz
(f) (1L points) / 92
Solution: Let x = 3sin(f). Then dz = 3 cos(#)dd and

3 3
VI =22 35in(6),/9 — 9sin?()
B 1
~ 3sin(f) cos(d)

Then

3 1
/x\/ﬁmdx/3sin(€)(;08(6‘)3608(‘9)(119

- [

= —1In (cot(f) + csc(h))
- (W 3) e

+ —
x T

3
a: 4dx

(g) (11 points)

Solution: We use polynomial long division to simplify the integrand:

2?2 +4x+16
T — 4) x3
— a3+ 422
4z
— 422 + 162
16z
— 162 + 64
64
Thus

3 64
/ x dx:/ 2244z +164+ — | da
r—4 r—4

:/(a:2+4z+16)dz+64

1
4d:]:

T —

1
= §$3+2x2 + 162 + 64log (x — 4) + C.
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2. (12 points) Compute the improper integral.

(a) (6 points) /2DO %dx

Solution:

oo 1 b 1
o dr = T —1/2
/2 \/de bli)rgo , T dx

= lim 22'/2
b—o0

so that the integral does not converge.

(b) (6 points)/ e *dx
2
Solution:

%) b
/ e *dx = lim e *dx
2

b—oo Jo
b
= lim —e™*
b—oo
2
= lim (672 — efb)
b—o00
=e 2,

3. (11 points) Compute the limit.

. . sin(3z)
(a) (5 points) :ll—% sin(22)

Solution:

sin(3z) L.u. ,. 3cos(3x) 3

250 sin(2z) 250 2cos(2z)  2°

6zQJrl
(b) (6 pOlntS) Ill)rgom
Solution:
I e+ LH. | 2pe® 1
im —5——— =

z300 23T+l ] ILH(}O (2x + 3)em2+31+1
- 2z

(22 + 3)ed®
=0
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