
MATH 3315 - EXAM 2 SPRING 2017
SOLUTION

Friday 3 March 2017
Instructor: Tom Cuchta

Instructions:

• Show all work, clearly and in order, if you want to get full credit. If you claim something is true you
must show work backing up your claim. I reserve the right to take off points if I cannot see how
you arrived at your answer (even if your final answer is correct).

• Justify your answers algebraically whenever possible to ensure full credit.

• Circle or otherwise indicate your final answers.

• Please keep your written answers brief; be clear and to the point.

• Good luck!



1. (22 points) Consider the region bounded by y =
√
x+ 1 and y = x+ 1.

(a) (6 points) Draw this region.
Solution: Draw:
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(b) (8 points) Set up but do not evaluate an integral to compute the area of the described region as
a dx integral.
Solution: Integrate the top function minus the bottom function over the interval −1 ≤ x ≤ 0:∫ 0

−1

√
x+ 1− (x+ 1)dx

(c) (8 points) Set up but do not evaluate an integral to compute the area of the described region as
a dy integral.
Solution: Rewrite the right function y = x+ 1 as x = y − 1 and rewrite y =

√
x+ 1 as x = y2 − 1.

Now integrate the right function minus the left function over the interval 0 ≤ y ≤ 1:∫ 1

0

(y2 − 1)− (y − 1)dy.

2. (14 points) Find the the area of the region bounded by the equations y = sin(x), y = cos(x), x =
π

4
,

and x = π in any way you wish.

(a) (6 points) Draw this region.
Solution:
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(b) (8 points) Find the area of the region in any way you wish.
Solution: Compute

Area =

∫ π

π
4

sin(x)− cos(x)dx

= − cos(x)− sin(x)

∣∣∣∣∣
π

π
4

= [− cos(π)− sin(π)]−
[
− cos

(π
4

)
− sin

(π
4

)]
= [1− 0]−

[
−
√

2

2
−
√

2

2

]
= 1 +

√
2.

3. (14 points) Consider the solid formed by the region bounded by the curves y =
1

x
, x = 1, x = 2, and

y = 0 rotated about the line y = 2.

(a) (6 points) Draw the region and draw a washer.
Solution: Here is the picture of the region:
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Here is the picture of the washer:
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(b) (8 points) Find the volume of the region using the washer method.
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Solution: The volume is

Volume = π

∫ 2

1

22 −
(

2− 1

x

)2

dx

= π

∫ 2

1

4−
(

4− 4

x
+

1

x2

)
dx

= π

∫ 2

1

4

x
− 1

x2
dx

= π

[
4 ln(x) +

1

x

∣∣∣∣2
1

= π

[(
4 ln(2) +

1

2

)
−
(

4 ln(1) +
1

1

)]
= 4π ln(2) +

π

2
− π

= 4π ln(2)− π

2
.

4. (12 points) Consider the solid formed by the region bounded by y = 4x− x2, x = 0, and y = 4 rotated
about the line x = 5.

(a) (6 points) Draw the region and draw a shell.
Solution: First draw the region: ***********

0 1 2 3 4 5

0

2

4

Now draw the shell:
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We observe that the radius of the shell is 5− x and the height of the shell is 4− (4x− x2).

(b) (6 points) Set up but do not evaluate an integral using the shell method to find the volume of
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the solid
Solution:

Volume = 2π

∫ 2

0

(5− x)(4− (4x− x2))dx.

5. (10 points) Set up but do not evaluate an integral that will compute the arc length of the function
f(x) = x sin(x) on the interval [0, 10].
Solution: First compute

f ′(x) = sin(x) + x cos(x).

Then

ArcLength =

∫ 10

0

√
1 + (sin(x) + x cos(x))2dx.

6. (10 points) The plot of the parametric equations{
x(t) = cos(2t)
y(t) = t sin(t)

for 0 ≤ t ≤ π is shown:
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Find an equation of the tangent line to this curve at t =
π

4
.

Solution: First note that the point in question has coordinates given by

(
x
(π

4

)
, y
(π

4

))
=
(

cos
(π

2

)
,
π

4
sin
(π

4

))
=

(
0,
π
√

2

8

)
.

Now compute the derivatives
x′(t) = −2 sin(2t)

and
y′(t) = sin(t) + t cos(t).

Therefore,

slope =
dy

dx
=
y′(t)

x′(t)
=

sin(t) + t cos(t)

−2 sin(2t)
.
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Now we see that the slope of the tangent line is

dy

dx

∣∣∣∣∣
t=π

4

=
sin(π4 ) + π

4 cos(π4 )

−2 sin(π2 )
=

√
2
2 + π

4

√
2
2

−2(1)
= −
√

2

4
− π
√

2

16

Therefore the equation of the tangent line is

y − π
√

2

8
=

(
−
√

2

4
− π
√

2

16

)
(x− 0).

7. (6 points) (a) (3 points) Convert the point
(

5,
π

6

)
in polar coordinates into rectangular coordinates.

Solution: We use the formulas {
x = r cos(θ)
y = r sin(θ)

to convert to rectangular coordinates. The given point has r = 5 and θ =
π

6
, so we compute

x = 5 cos
(π

6

)
=

5
√

3

2
,

and

y = 5 sin
(π

6

)
=

5

2
.

Therefore the rectangular coordinates of the polar point
(

5,
π

6

)
are

(
5
√

3

2
,

5

2

)
.

(b) (3 points) Convert the point (−1, 1) in rectangular coordinates into polar coordinates.
Solution: We use the formulas

r =
√
x2 + y2

θ =

 arctan
(y
x

)
(x, y) is quadrants I or II

π + arctan
(y
x

)
(x, y) is quadrants III or IV

to find the polar coordinates. Since the given (rectangular) point lies in quadrant II and we have
x = −1 and y = 1, we may compute the polar coordinates by

r =
√

(−1)2 + 12 =
√

1 + 1 =
√

2,

and

θ = π + arctan

(
1

−1

)
= π − π

4
=

3π

4
.

Therefore the polar coordinates of the rectangular point (−1, 1) are
(√

2,
π

4

)
.

8. (12 points) Match each equation with its graph.
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a.) −30 −20 −10 0 10 20 30
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b.) −5 −4 −3 −2 −1
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c.) −3 −2 −1 0 1 2 3

−2

−1
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d.) −40 −20 0 20 40

−20

0

20

e.) 5 10 15

−5

0

5

f.) −3 −2 −1 0 1 2 3

−2

−1

0

1

2

1. x2 − y2 = 1 c.) 2.
x2

302
+

y2

152
= 1 a.)

3. x = (y − 1)2 + 2 e.) 4. y2 − x2 = 1 f.)

5. (x+ 3)2 + (y + 3)2 = 4 b.) 6.
x2

152
+

y2

302
= 1 d.)
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