MATH 3315 - EXAM 1 - FALL 2017
SOLUTION

Friday 8 September 2017
Instructor: Tom Cuchta

Instructions:

Show all work, clearly and in order, if you want to get full credit. If you claim something is true you
must show work backing up your claim. I reserve the right to take off points if I cannot see how
you arrived at your answer (even if your final answer is correct).

Justify your answers algebraically whenever possible to ensure full credit.
Circle or otherwise indicate your final answers.
Please keep your written answers brief; be clear and to the point.

Good luck!



1. (36 points) Compute the following derivatives.

(a) (6 points) % log(5z? + 3z + 1).

Solution: Compute

d 1 d

Zlog(522 + 30 +1) = [52? + 3z +1

qp 8B+ e+ ]) = gy g b s ]
_ 10z + 3

S b2 43z +1°

d
(b) (6 points) &(651‘, +e™ 4+ 1)3
Solution: Corhpute
d s 7 3 5 7 245 7
£(6$+e”+1) =3(e® +e™+1) &[ex—&-ez—i—l]
= 3(e% + €™ + 1)2[5e>® 4 Te™].
. d o3
(c) (6 points) &arcsm(ﬁ -9)

Solution: Compute

d 1 d
— in(7t3 —-9) = ——— —[7t3 -9
g” aresin( ) T dt[ ]
_ 2112
V1= (73 =9)2
: d 5.4
(d) (6 points) 53 %
Solution: Note that
(*) 352—1 — elog(Sszfl) — e(5z—1)log(3)’
so compute
ig5z71 — 16(55*1) log(3)
dz dz d
=71 log(?’)&[(f)z —1)log(3)]
© 5log(3)35 1.
. d cosh(t)
(e) (6 points) dt sinh(t) + 1
Solution: Compute
(sinh(£) + 1)~ cosh() — cosh(t) < [sinh(t) + 1
d cosh(?) _ sin g cos CoS i sin
dt sinh(t) + 1 (sinh(t) + 1)2

sinh(t)(sinh(t) + 1) — cosh?(t)
(sinh(t) + 1)2 '

(f) (6 points) - log(log(los(w)))
Solution: Calculate

% log(log(log(w))) 14 log(log(w))



http://www.wolframalpha.com/input/?i=d%2Fdx%5Blog(5x%5E2%2B3x%2B1)%5D
http://www.wolframalpha.com/input/?i=d%2Fdx%5Blog(5x%5E2%2B3x%2B1)%5D
http://www.wolframalpha.com/input/?i=d%2Fdt%5Barcsin(7t%5E3-9)%5D
http://www.wolframalpha.com/input/?i=d%2Fdz%5B3%5E(5z-1)%5D
http://www.wolframalpha.com/input/?i=d%2Fdt%5Bcosh(t)%2F(sinh(t)%2B1)%5D
http://www.wolframalpha.com/input/?i=d%2Fdw%5Blog(log(log(w)))%5D

2. (36 points) Compute the following indefinite integrals.

(a) (6 points) 7122 dz
Solution: Using the formula
1 1 T
(**) /mdx = g arctan (g) + O,
we compute
1 1
/ S / S S
2+ 22 (V2)2 + 22
=" —arctan | — | + C.
w—95
b int —d
(b) (6 points) /w2+1 w

Solution: First note that we may split this into two integrals:
w—295 w 1
—dw= | ——dw -5 [ ——dw.
/w2+1w /w2—|—1w /w2—|—1w

1
For the first integral, make the substitution v = w? + 1 to arrive at idu = wdw and for the second

integral, use (xx) to [calculate

w—>5 w 1
——dw = dw -5 d
/w2+1w 1/w2—|—1w /w2—|—1w

1
=3 / adu — barctan(w) + C

1
= —log(u) — 5arctan(w) + C

=3 log(w? 4 1) — 5 arctan(w) + C.

qv+14
6 point ——d
(c) (6 points) /2v2 +d0 118 v
Solution: Let u = 202 + 4v + 18 so that du = 4v + 4dv. Now [calculate

dv+4 1
/21}2 NPT _/&d“
= log(u) +C
= log(2v? + 4v + 18) + C.

cosh

(d) (6 points) /coth(@)d@ recall: coth = s

Solution: Take note that if u = sinh(¢) then du = cosh(€)df. Now calculate

cosh(0)
/coth(&)d& :/ L dé
sinh(6)
= /%du
= log(u) + C
= log(sinh(9)) + C.

cosh(t)

— ¢
sinh(t) + 1

(e) (6 points) /


http://www.wolframalpha.com/input/?i=antiderivative+1%2F(2%2Bx%5E2)+dx
http://www.wolframalpha.com/input/?i=antiderivative+(w-5)%2F(w%5E2%2B1)+dw
http://www.wolframalpha.com/input/?i=antiderivative+(4v%2B4)%2F(2v%5E2%2B4v%2B18)+dv
http://www.wolframalpha.com/input/?i=antiderivative+coth(theta)+dtheta

Solution: Take note that if u = sinh(¢) + 1 then du = cosh(¢)d¢. Now compute

/ T — cosh(?) dt = / 1du
sinh(t) + 1 u
= log(u) + C
= log(sinh(t) + 1) + C.

17
f) (6 points / —dw
0 O points) [ =
Solution: Recall the formula

1
(s * %) / ﬁdx = arcsin (g) +C.

1
Let v = v2w so that —2du = dw. Then compute

%

17 1
/\/ﬁdw = 17/mdw
17 1

== | ———du
V2. V1—u2
=" —arcsin(u)du + C
17\@
= — arcsin (v2w) + C.
1T aresin (v2u)

3. (28 points) Compute the following definite integrals.

1
(a) (7 points) / 77 —11%dx
0

Solution: Note that 7 = e*1°8(7) and 11* = e*1°8(11) We will use the substitutions u = zlog(7) so

1 1
mdu = dz and w = xlog(11) so that log(11) dw = dz. Now compute
1 1 1
/ 7" —11%dz = / 7dx — / 11%dx
0 0, 0 L
_ / P 10g(7)d1, 7 P log(ll)dx
0 1 log(7) 0 1 log(11)
= e‘du — ————~ e’dw
log(7) Jo log(11) /0
1 log(7) log(11)
— el _ el
log(7) [ o log(11) [ o
1 log(7) log(11)
= -1)— ——— -1
log(7) (e ) )~ gy )

1

3
b) (7 points / —d

Solution: Recall the formula

(o * *x) / ﬁdx = arcsinh (z) + C.


http://www.wolframalpha.com/input/?i=antiderivative+cosh(t)%2F(sinh(t)%2B1)+dt
http://www.wolframalpha.com/input/?i=antiderivative+17%2Fsqrt(1-2w%5E2)+dw
http://www.wolframalpha.com/input/?i=integral+from+x%3D0+to+x%3D1+of+7%5Ex+-+11%5Ex+dx

1
We shall use the substitution v = 4y, hence Zdu = dy. Now compute

3 3
1 1
/ NS :/ \:/(4y)2+1dy
2 2
S g,
4 Js Vu+1

3
() arcsinh(u)

2
= arcsinh(3) — arcsinh(2).

3
(©) (Tpoints) [ €t+3¢2 4 ¢ + 14
0
Solution: This is just the integral of a polynomial. So |compute

3 5 52 3

/ 432 +E+1dE =2 +8+ > +¢
0 5 2
3 32

O g3y 2
== +30+ 543

2
. 1
(d) (7 pOlntb) [ mdz
Solution: Recall that ) )
(s % % ) / ———dx = —arctanh <§> +C.
a a

a2 — 2

1
We will use the substitution v = 2z so that idu = dz. Now |compute

2 1 2 1
/ L T / 1 4
| BT —422 1 (VB7)2 — (22)2
1/4 1
~ — du
2 Jy (VBT)? — u?

= arctan —
24/57 VT

arctanh (%) — arctanh (

4

i)

)

2v/57


http://www.wolframalpha.com/input/?i=integral+from+y%3D2+to+y%3D3+of+1%2Fsqrt(16y%5E2%2B1)+dy
http://www.wolframalpha.com/input/?i=integral+from+xi%3D0+to+xi%3D3+of+xi%5E4+%2B+3xi%5E2+%2B+xi+%2B+1
http://www.wolframalpha.com/input/?i=integral+from+z%3D1+to+z%3D2+of+1%2F(57-4z^2)+dz

